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ABSTRACT
Observed hot Jupiter (HJ) systems exhibit a wide range of stellar spin-orbit mis-
alignment angles. The origin of these HJs remains unclear. This paper investigates
the inward migration of giant planets due to Lidov-Kozai (LK) oscillations of orbital
eccentricity/inclination induced by a distant (100-1000 AU) stellar companion and
orbital circularization from dissipative tides. We conduct a large population synthesis
study, including octupole gravitational potential from the stellar companion, mutual
precession of the host stellar spin axis and planet orbital axis, pericenter advances
due to short-range-forces, tidal dissipation in the planet, and stellar spin-down in the
host star due to magnetic braking. We examine a range of planet masses (0.3− 5MJ)
and initial semi-major axes (1 − 5 AU), different properties for the host star, and
varying tidal dissipation strengths. The fraction (fHJ) of systems that result in HJs
is a function of planet mass and stellar type, with fHJ in the range of 1 − 4% (de-
pending on tidal dissipation strength) for Mp = 1MJ , and larger (up to 8%) for more
massive planets. The production efficiency of “hot Saturns” (Mp = 0.3MJ) is much
lower, because most of the inward-migrating planets are tidally disrupted. We find
that the fraction of systems that result in either HJ formation or tidal disruption,
fmig ' 11− 14% is roughly constant, having little variation with planet mass, stellar
type and tidal dissipation strength. This “universal” migration fraction can be un-
derstood qualitatively from analytical migration criteria based on the properties of
octupole LK oscillations. The distribution of final stellar obliquities for the HJ sys-
tems formed in our calculations exhibits a complex dependence on the planet mass
and stellar type. For Mp = (1− 3)MJ , the distribution is always bimodal, with peaks
around ∼ 30◦ and ∼ 130◦. The obliquity distribution for massive planets (Mp = 5MJ)
depends on the host stellar type, with a preference for low obliquities for solar-type
stars, and higher obliquities for more massive (1.4M) F-type stars.
Key words: planets and satellites: dynamical evolution and stability – planet-star
interactions – binaries: general
1 INTRODUCTION
The growing sample of close-in giant planets (hot Jupiters,
hereafter HJs) continues to yield surprises. These planets
(with orbital periods of ∼ 3 days) could not have formed
in situ, given the large stellar tidal gravity and radiation
fields close to their host stars, and must have formed be-
yond a few AUs and migrated inward. The recent discover-
ies of many HJs with orbital angular momentum axes that
are misaligned with respect to their host star’s spin axis (e.g.
? kra46@cornell.edu
† Current address: TAPIR, Walter Burke Institute for Theoreti-
cal Physics, Mailcode 350-17, Caltech, Pasadena, CA 91125, USA
He´brard et al. 2008; Narita et al. 2009; Winn et al. 2009; Tri-
aud et al. 2010; Albrecht et al. 2012a; Moutou et al. 2011)
has stimulated new studies on the dynamical causes behind
such configurations. The presence (or lack) of such misalign-
ment in an HJ system serves as a probe of the planet’s dy-
namical history, and can potentially constrain the planet’s
migration channel. Therefore, understanding the dynamics
behind spin-orbit misalignments is an important endeavor.
HJ systems with low spin-orbit misalignments are com-
monly thought to have arisen from smooth disk-driven mi-
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Table 1. Definitions of variables, along with the canonical value used in this paper (if appli-
cable), and dimensionless form.
Quantity Dimensionless/Normalized Form
Vector Quantities
Planet orbital angular momentum L .....
Planet eccentricity vector e .....
Binary orbital angular momentum Lb .....
Binary eccentricity vector eb .....
Stellar spin angular momentum S? .....
Planetary spin angular momentum Sp .....
Physical Properties
Stellar mass M? M¯? = M?/M
Stellar radius R? R¯? = R?/R
Planet mass Mp M¯p = Mp/MJ
Planet radius Rp R¯p = Rp/RJ
Binary companion mass Mb M¯b = Mb/M
Inner binary total mass Mtot ≡M? +Mp M¯tot = Mtot/M
Spin & Structure Properties
Spin-orbit angle θsl (defined by cos θsl = Lˆ · Sˆ?) .....
Stellar moment of inertia constant k? (I? = k?M?R2?) k¯? = k?/0.1
Planet moment of inertia constant kp (Ip = kpMpR2p) k¯p = kp/0.25
Stellar rotational distortion coefficient kq? (see Sec. 2.1) k¯q? = kq?/0.05
Planet rotational distortion coefficient kqp (see Sec. 2.1) k¯qp = kqp/0.17
Stellar spin period P? = 2pi/Ω? P¯? = P?/day
Planet spin period Pp = 2pi/Ωp P¯p = Pp/day
Tidal Properties
Planet tidal Love number k2p k¯2p = k2p/0.37
Tidal lag time ∆tL .....
Tidal enhancement factor χ (∆tL = 0.1χsec) .....
Orbital Properties
Planet semi-major axis a a¯ = a/AU
Planet eccentricity e .....
Planet inclination θlb (relative to outer binary, defined by cos θlb = Lˆ · Lˆb) .....
Outer binary semi-major axis ab a¯b = ab/100AU
Outer binary eccentricity eb .....
Effective outer binary semi-major axis ab,eff ≡ ab
√
1− e2b a¯b,eff = ab,eff/100AU
Orbital mean motion n =
√
GMtot/a3 .....
gration, thereby preserving an initially low stellar obliquity.1
In contrast, systems with high misalignments must have un-
dergone a more disruptive high-eccentricity migration, in
which the eccentricity becomes excited to a large value, with
subsequent orbital decay due to dissipative tides raised on
the planet by the host star. This assumption has been chal-
lenged recently with the suggestion of a “primordial mis-
alignment” (Bate et al. 2010; Foucart & Lai 2011; Lai et
al. 2011; Thies et al. 2011; Batygin 2012; Batygin & Adams
2013; Lai 2014; Spalding & Batygin 2014; Fielding et al.
2015), in which the protoplanetary disk itself becomes tilted
with respect to the stellar spin and planets subsequently
form and smoothly migrate within the misaligned disk, re-
sulting in close-in planets with large stellar obliquities. Col-
lectively, these works show that much remains to be done
1 Throughout this paper we use the terms “spin-orbit misalign-
ment” and “stellar obliquity” interchangeably.
in disentangling the various possible dynamical histories of
HJs.
High-eccentricity migration requires either one or more
additional planets in the system, or the presence of a stellar
binary companion. In the former case, the eccentricity ex-
citation can be caused by strong planet-planet scatterings
(Rasio & Ford 1996; Chatterjee et al. 2008; Ford & Rasio
2008; Juric´ & Tremaine 2008), and various forms of secular
interactions, such as secular chaos with at least three giant
planets (Wu & Lithwick 2011) and interactions between two
modestly eccentric coplanar planets (Petrovich 2015a), or,
most likely, a combination of both (Nagasawa et al. 2008;
Beauge´ & Nesvorny´ 2012). In the case of a stellar compan-
ion, high eccentricity is achieved from “Lidov-Kozai” (LK)
oscillations (Lidov 1962; Kozai 1962), in which an inclined
stellar companion pumps up the planet’s eccentricity to val-
ues close to unity; during the brief high eccentricity phases,
dissipative tides within the planet cause orbital decay and
inward migration, eventually resulting in a planet with an
c© 0000 RAS, MNRAS 000, 000–000
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orbital period of a few days (e.g. Wu & Murray 2003; Fab-
rycky & Tremaine 2007; Naoz et al. 2012; Petrovich 2015b).
Note that LK oscillations with tidal dissipation from stellar
companions have also been invoked to explain the existence
of tight inner binaries in stellar triple systems (e.g. Mazeh &
Shaham 1979; Eggleton & Kiseleva-Eggleton 2001; Fabrycky
& Tremaine 2007; Naoz & Fabrycky 2014).
To assess the feasibility of HJ formation from the dy-
namical effects of distant perturbers, searches for both plan-
etary and stellar companions in HJ systems have been con-
ducted. Knutson et al. (2014) searched for radial velocity sig-
natures from distant companions in systems known to host
HJs, and estimated a companion occurrence rate of ∼ 50%
for HJ systems (corrected for sample incompleteness), for
companion masses in the range ∼ 1−13MJ and separations
∼ 1−20 AU. By direct imaging, Ngo et al. (2015) performed
a similar survey for stellar mass companions, and found an
occurrence rate of 48 ± 9% for companions at separations
∼ 50− 2000 AU; this is larger than 24%, the fraction of bi-
naries (of the same separation range) among solar-type field
stars (Raghavan et al. 2010), suggesting that the presence of
a stellar companion increases the likelihood of HJ formation.
Taken together, Ngo et al. (2015) suggested a total compan-
ion fraction (including stars and planets) of ∼ 70% for sys-
tems hosting HJs. Using a combination of adaptive optics
imaging and radial velocity, Wang et al. (2015) searched for
stellar companions in systems containing Kepler Objects of
Interest, focusing on gas giant planets with orbital periods
ranging from a few days to hundreds of days. They found
that the stellar multiplicity fraction of companions with sep-
arations between 20 and 200 AU is a factor of ∼ 2 higher
for stars hosting a giant planet, compared to a control sam-
ple with no planet detections. Since many of the objects in
their sample are HJs, this highlights the potential role of
companion stars in the formation of close-in giant planets.
Despite these optimistic companion fractions, some as-
pects of HJ formation via LK oscillations remain prob-
lematic. Assuming steady-state formation of HJs, high-
eccentricity migration implies the presence of giant plan-
ets at wide orbital separations and large eccentricities, with
a ∼ several AU and e & 0.9 (“super-eccentric migrating
Jupiters,” Socrates et al. 2012). However, this class of plan-
ets is not observed (Dawson et al. 2015). Whether this ap-
parent lack of ultra-eccentric giant planets is due to the
majority of HJs being formed from disk-driven migration,
or whether our understanding of high-eccentricity migration
needs to be revised remains to be determined. In addition,
the discovery that a significant fraction of HJs have giant
planet companions at a few AU’s (Knutson et al. 2014), in-
cluding a number of systems with full orbit solutions for the
companions (e.g. Feng et al. 2015; Becker et al. 2015; Neveu-
VanMalle et al. 2015), and the observed stellar-metallicity
trend of giant planet eccentricities (Dawson & Murray-Clay
2013), suggest that LK oscillations driven by stellar com-
panions may not account for the majority of the observed
HJ population. Regardless, these issues clearly highlight the
need for a better understanding of all channels of HJ forma-
tion.
In this paper, we focus on HJ formation in stellar bi-
naries through LK oscillations with tidal dissipation, and
present the results of a large-scale population synthesis. Ini-
tial population studies of HJ formation by the LK mecha-
nism included the leading order (quadrupole) gravitational
potential of the binary companion on the planet’s orbit (Fab-
rycky & Tremaine 2007; Wu et al. 2007; Correia et al. 2011).
Naoz et al. (2012) incorporated the octupole potential of
the binary (Ford et al. 2000), and showed that the octupole
terms could alter the outcome of the population synthesis
(e.g., they claimed that the efficiency of HJ production can
be significantly increased due to increases in the maximum
eccentricity). Taking a slightly different approach, Petro-
vich (2015b) conducted a thorough octupole-level popula-
tion synthesis study, focusing on the steady-state distribu-
tions of the planet’s orbital elements. He showed that the
octupole potential leads to a significant increase in the frac-
tion of tidally disrupted planets. Both Naoz et al. (2012) and
Petrovich (2015b) have presented results for the distribu-
tion of the stellar obliquities of HJs formed in this scenario,
showing a broad spread in the spin-orbit misalignment an-
gles (from ∼ 20◦ to ∼ 140◦). Thus far, all population studies
have focused on a single planet mass (1MJ) and limited stel-
lar spin properties. However, in a recent paper (Storch et al.
2014), we showed that gravitational interaction between the
planet and its oblate host star can lead to chaotic evolution
of the stellar spin axis during LK cycles, and this evolution
depends sensitively on the planet mass and stellar rotation
period. The chaotic spin dynamics arises from secular spin-
orbit resonances and related resonance overlaps (Storch &
Lai 2015). In the presence of tidal dissipation, the complex
spin evolution can leave an imprint on the final spin-orbit
misalignment angles. Thus, the result of Storch et al. (2014)
shows that the stellar spin properties and the planet mass
can have a strong effect on the distribution of stellar obliq-
uities in HJ systems produced by the LK mechanism. The
goal of the present paper is to expand upon this previous
work by running a large ensemble of numerical simulations
with varying planet masses and stellar mass and spin prop-
erties. We perform a thorough survey of the parameter space
and examine a range of planetary semi-major axes, binary
separations, inclinations, and eccentricities. We show that,
not only the spin-orbit misalignments are affected by stellar
types and planet masses, but also the various outcomes of
the planets (HJ formation and tidal disruption) are strongly
influenced by the properties of the planets and host stars.
We also present a number of new analytical calculations and
estimates to help understand our numerical population syn-
thesis results.
This paper is organized as follows. In Section 2, we de-
scribe the problem setup and present the secular equations
of motion that govern the evolution of the system. Section
3 presents several analytical results for understanding the
dynamics of the planet’s orbit and stellar spin evolution –
these results will be useful for interpreting the numerical cal-
culations of later sections. In Section 4, we investigate the
properties of the stellar spin evolution, and illustrate the var-
ious possible paths of generating spin-orbit misalignments.
Section 5 presents our population synthesis calculations. We
first discuss results (with and without octupole effects) for
a given value of binary separation and initial planet semi-
major axis (Sections 5.2-5.3; Table 2). The most general
population synthesis results are presented in Sections 5.4-
5.5 (Table 3). We conclude in Section 6 with a summary of
results and discussion of their implications.
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2 FORMULATION
We consider a hierarchical triple system, consisting of an
inner binary (host star and planet) of masses M? and Mp,
with a distant, inclined outer (stellar) companion Mb. The
planet and binary companion have semi-major axes a and
ab respectively, with a/ab  1. We include the secular grav-
itational perturbations on the planet from the outer com-
panion to octupole order in the disturbing potential, along
with spin-orbit coupling between the oblate host star and
planet, tidal dissipation within the planet, and periastron
precession due to various short-range forces (General Rel-
ativity, and rotational and tidal distortions of the planet).
We ignore the perturbations from the inner binary (M? and
Mp) on the outer binary (M? and Mb). The planetary or-
bit is characterized by the unit vectors (Lˆ, eˆ), where Lˆ is
normal to the orbital plane (in the direction of the angular
momentum vector L) and eˆ is in the direction of the ec-
centricity vector e. Similarly, the orbit of the outer binary
is characterized by the unit vectors (Lˆb, eˆb). The invariant
plane is determined by the outer binary angular momentum
axis Lˆb. The secular equations of motion for the planetary
orbit take the forms
dL
dt
=
dL
dt
∣∣∣∣
LK
+
dL
dt
∣∣∣∣
SL
+
dL
dt
∣∣∣∣
Tide
, (1)
and
de
dt
=
de
dt
∣∣∣∣
LK
+
de
dt
∣∣∣∣
SL
+
de
dt
∣∣∣∣
SRF
+
de
dt
∣∣∣∣
Tide
, (2)
where we are including contributions from the binary com-
panion that give rise to Lidov-Kozai (LK) oscillations, spin-
orbit coupling between the host star spin S? and L (SL),
dissipative tides (Tide) within the planet, and periastron
precession due to short-range forces (SRFs). Explicit forms
for each term are given in Appendix A.
Note that the “LK” term from the binary companion
consists of two pieces: a quadrupole term, and an octupole
term. The quadrupole has a characteristic timescale for LK
oscillations tk, given by
1
tk
=
Mb
Mtot
a3
a3b,eff
n =
(
2pi
106yr
)
M¯ba¯
3/2
M¯
1/2
tot a¯
3
b,eff
, (3)
where ab,eff ≡ ab
√
1− e2b , and n =
√
GMtot/a3 is the
planetary mean motion. The octupole term has a relative
“strength” εoct (compared to the quadrupole contribution),
given by
εoct =
M? −Mp
M? +Mp
a
ab
eb
1− e2b
. (4)
(See Table 1 for a summary of various physical quantities
and their normalized forms used throughout the paper.) In
terms of the unit vector Lˆ, the effect of the binary companion
is to induce precession of Lˆ around Lˆb, with simultaneous
nutation. The rate of change of Lˆ due to the quadrupole
potential of the binary companion is given by
ΩL =
∣∣∣∣∣dLˆdt
∣∣∣∣∣
LK,Quad
=
[
(Ωpl sin θlb)
2 + θ˙2lb
]1/2
,
(5)
where Ωpl = Ω˙, the precession rate of the classical orbital
node Ω, and θlb (defined as cos θlb = Lˆ · Lˆb) is the angle
between the planet orbital axis Lˆ and the binary axis Lˆb.
The first term in Eq. (5) represents precession of Lˆ around
the binary axis Lˆb, and the second term represents nutation
of Lˆ. An approximate expression for ΩL as a function of e
and θlb is (see Appendix)
ΩL ' 3(1 + 4e
2)
8tk
√
1− e2 | sin 2θlb|. (6)
(Note that Eq. (6) is exact at e = 0 and the maximum
eccentricity.) At zero eccentricity the expression becomes
ΩL|e=0 =
3
4tk
cos θlb sin θlb
' 4.71× 10−6yr−1 M¯ba¯
3/2
M¯
1/2
tot a¯
3
b,eff
cos θlb sin θlb. (7)
2.1 Spin Evolution due to Stellar Quadrupole
The oblate host star has angular momentum S? = I?Ω?Sˆ?,
where I? = k?M?R
2
? is the moment of inertia, with k? ' 0.1
for a solar-type star (Claret & Gimenez 1992), Ω? is the
stellar spin frequency (with period P? = 2pi/Ω?), and Sˆ? =
S?/S? is the unit vector along the spin axis. The stellar ro-
tational distortion generates a quadrupole moment, thus in-
troducing a torque between the star and planet. This results
in mutual precession of S? and L around the total angular
momentum J = L + S? (we ignore the small contribution
to J due to the planet spin, see Section 3.3). The star also
spins down via magnetic braking: we adopt the Skumanich
law (Skumanich 1972), with dΩ?/dt ∝ −Ω3?. The stellar spin
evolution thus has two contributions, and is given by
dS?
dt
=
dS?
dt
∣∣∣∣
SL
+
dS?
dt
∣∣∣∣
MB
= ΩpsLˆ× S? − αMBI?Ω3?Sˆ?,
(8)
where the first term describes the precession of S? around
L (SL), and the second term describes the spin-down due
to magnetic braking (MB), with the efficiency parameter
αMB. In this paper we set αMB = 1.5 × 10−14 yr to model
solar-mass (type G) stars, and αMB = 1.5 × 10−15 yr to
model more massive (1.4M, type F) stars, as in Barker
& Ogilvie (2009). This is consistent with observed stellar
rotation periods, with massive stars spinning more rapidly
on average (McQuillan et al. 2014), and more sophisticated
stellar spin-down models (see Bouvier 2013 for a review).
The precession frequency of S? around L, Ωps, is given
by
Ωps = −3GMp(I3 − I1) cos θsl
2a3j3S?
= −3
2
kq?
k?
Mp
M?
R3?
a3
Ω?
j3
cos θsl
' −1.64× 10−7yr−1 k¯q?M¯pR¯
3
?
k¯?P¯?M¯?a¯3
cos θsl
j3
, (9)
where the stellar spin-orbit angle θsl is defined by cos θsl =
Lˆ · Sˆ?, j =
√
1− e2, and the stellar quadrupole moment
(I3 − I1) is related to the spin frequency via (I3 − I1) =
kq?M?R
2
?Ωˆ
2
?. Here Ωˆ? = Ω?(GM?/R
3
?)
−1/2 is the stellar ro-
tation rate in units of the breakup frequency, and kq? is a
“rotational distortion coefficient” (we adopt the canonical
c© 0000 RAS, MNRAS 000, 000–000
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value kq? = 0.05 in this paper; Claret & Gimenez 1992).
2
The stellar quadrupole also affects the planet’s orbit through
a backreaction torque, and precession of the pericenter (see
Section 4.3 and Appendix A).
As discussed in Storch et al. (2014), qualitatively dis-
tinct types of behavior for the stellar spin axis arise, depend-
ing on the ratio of the stellar spin precession rate |Ωps| to
the nodal precession rate due to the binary companion |ΩL|
(see Eqs. [9] and [5]):
If |Ωps|  |ΩL| throughout the LK cycle, the stellar
spin axis effectively precesses around the binary axis Lˆb, so
that the angle between Sˆ? and Lˆb is nearly constant. We
refer to this as the “non-adiabatic” regime.
On the other hand, if |Ωps| & |ΩL| throughout the LK
cycle, the stellar spin axis is strongly coupled to the evolu-
tion of the orbital axis. Two different types of behavior can
occur in this “adiabatic regime”: (i) The stellar spin axis Sˆ?
essentially follows the orbital axis Lˆ, with θsl ∼ constant.
For systems that begin with Sˆ? and Lˆ aligned (θsl,0 = 0
◦),
the spin-orbit angle remains relatively small (θsl . 30◦)
throughout the evolution. (ii) The spin-orbit angle is ini-
tially small, but gradually increases towards the end of the
evolution when the planet semi-major axis has decayed ap-
preciably due to tidal dissipation. In this situation, the final
misalignment angle settles to a final value θsl,f < 90
◦. We
term this behavior “adiabatic advection” and will discuss it
in Section 4 (see also Storch et al. 2016, submitted).
Finally, if during the LK cycle, |Ωps| ∼ |ΩL|, secular
resonances develop, and overlapping resonances can lead to
complex, and often chaotic behavior of the stellar spin axis.
The spin-orbit angle θsl may cross 90
◦, and a wide distribu-
tion of final misalignment angles is possible. Note that θsl
can also cross 90◦ in the non-adiabatic regime, but the addi-
tion of secular resonances in the trans-adiabatic regime leads
to much more complex evolution than the non-adiabatic
regime.
To help characterize the dynamics, we introduce an
“adiabaticity parameter” A:
A ≡
∣∣∣∣ΩpsΩL
∣∣∣∣ . (10)
This parameter will be used throughout the paper to help
characterize the spin-orbit dynamics. In general, A is a
strong function of eccentricity and time. At the start of the
evolution (so that e ≈ 0)
A0 ≡
∣∣∣∣ΩpsΩL
∣∣∣∣
e=0
= 0.07
k¯q?M¯pM¯
1/2
tot R¯
3
?a¯
3
b,eff
k¯?M¯?M¯ba¯9/2P¯?
∣∣∣∣ cos θsl,0sin 2θlb,0
∣∣∣∣ .
(11)
3 LK MIGRATION AND STELLAR SPIN
EVOLUTION: ANALYTICAL RESULTS
Before presenting our detailed population synthesis calcula-
tions, we discuss some general properties of LK migration
and stellar spin evolution. These will be useful for under-
standing the results of later sections. Readers interested in
2 Note that kq? is related to the apsidal motion constant κ, the
Love number k2, and the J2 parameter by kq? = 2κ/3 = k2/3
and J2 = kq?Ωˆ2?.
the full population synthesis and observational implications
are referred to Section 5.
3.1 LK Oscillations: Range of Eccentricity and
Freezing of Oscillations
Figure 1 gives a “canonical” example of the formation of an
HJ due to LK oscillations with tidal dissipation. For simplic-
ity, this example neglects the feedback of the stellar spin on
the orbit. Here we set the binary eccentricity eb = 0, so that
the octupole-level perturbation from the binary compan-
ion vanishes. The planet starts with initial semi-major axis
a0 = 1.5 AU, and eccentricity e0 = 0.01, and then under-
goes cyclic excursions to maximum eccentricity emax, with
accompanying oscillations in the inclination θlb (recall that
cos θlb = Lˆ · Lˆb), between the initial (maximum) θlb,0 = 85◦
and minimum (occurring at e = emax) θlb,max ≈ 53◦. Note
that short-range forces (SRFs) cause θlb,max > 40
◦ here, in
contrast to planets subject only to LK oscillations (without
SRFs). As the planetary orbit decays, the range of eccentric-
ity oscillations becomes smaller. The example shows that be-
fore the oscillations freeze, emax is approximately constant
in time, while the minimum eccentricity emin steadily in-
creases toward emax. Eventually, when a is sufficiently small,
the LK oscillations freeze, and the planet undergoes “pure”
orbital decay/circularization governed by tidal dissipation,
at nearly constant angular momentum.
As is well recognized in previous work (e.g. Holman et
al. 1997; Wu & Murray 2003; Fabrycky & Tremaine 2007;
Liu et al. 2015), SRFs play an important role in determining
the maximum eccentricity emax in LK cycles. The range of
eccentricity oscillations during the LK migration can also be
understood from the effects of SRFs, as we discuss below. As
in the example depicted in Fig. 1, we ignore the stellar spin
feedback on the planetary orbit, as well as octupole-level
perturbations from the binary companion.
In the absence of tidal dissipation, the evolution of the
planetary orbit is governed by two conservation laws. The
first, which is related to the component of the angular mo-
mentum along the binary axis, is the well-known “Kozai
constant”, given by
K = j cos θlb, where j =
√
1− e2. (12)
The second conserved quantity is the energy per unit mass,
which in secular form is given by (e.g. Fabrycky & Tremaine
2007; Liu et al. 2015)
Φ = ΦQuad + ΦGR + ΦTide + ΦRot, (13)
where the subscripts “Quad”, “GR”, “Tide”, and “Rot”
denote contributions from the binary companion (to
quadrupole order), General Relativity, static tidal deforma-
tion of the planet, and the rotational deformation of the
planet. In terms of the planet’s eccentricity (e), inclination
(θlb), and argument of pericenter (ω), the energy (per unit
mass) from the binary companion takes the form
ΦQuad =
Φ0
8
(
1− 6e2 − 3K2 + 15e2 sin2 θlb sin2 ω
)
, (14)
where
Φ0 =
GMba
2
a3b,eff
. (15)
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Figure 1. Semi-major axis a (top), eccentricity (middle), and inclination θlb (bottom) as functions of time, showing the evolution until
the planetary orbit has decayed and circularized (left panels, with logarithmic scale on the x-axis), as well as a zoomed-in version showing
the suppression of LK oscillations and tidal decay (right panels, with linear scale on the x-axis). As the orbit decays, the maximum
eccentricity of each LK cycle is approximately constant, while the minimum eccentricity steadily increases, until eventually the LK cycles
are completely suppressed due to the effects of short-range forces. The dashed line shows that the angular momentum projected along
the binary axis Lˆb (defined by Eq. [20]) is conserved throughout the evolution. Parameters are Mp = 5MJ , a0 = 1.5 AU, ab = 200 AU,
eb = 0, θlb,0 = 85
◦. The other parameters assume their canonical values, as defined in Table 1.
The remaining energy terms due to SRFs can be written as
ΦGR = −εGR Φ0
j
,
ΦTide = −εTide Φ0
15
1 + 3e2 + 3e4/8
j9
,
ΦRot = −εRot Φ0
3j3
, (16)
where we have defined dimensionless parameters εGR, εTide
and εRot that quantify the “strengths” of the SRFs:
εGR ≡ 3GM
2
tota
3
b,eff
Mba4c2
' 0.03M¯
2
tota¯
3
b,eff
M¯ba¯4
, (17)
εTide ≡ 15k2pM?Mtota
3
b,effR
5
p
MbMpa8
' 1.47× 10−7 M¯?M¯tota¯
3
b,effR¯
5
p
M¯bM¯pa¯8
, (18)
εRot ≡ 3kqp
2
Ωˆ2p
Mtot
Mb
(
Rp
a
)2 (ab,eff
a
)3
' 8.48× 10−4k¯qp
(
Pp
1day
)−2 M¯totR¯5pa¯3b,eff
M¯pM¯ba¯5
. (19)
(see Table 1 for definitions of k2p and kqp).
With tidal dissipation included, the semi-major axis is
no longer constant. We expect that the first conservation
law, Eq. (12) is replaced by
J =
√
a(1− e2) cos θlb =
√
aj cos θlb. (20)
Figure 1 shows that J is indeed conserved to high preci-
sion throughout the LK migration. With a 6= constant, the
energy expression, Eq. (14) is no longer conserved. How-
ever, since the timescale for tidal dissipation (see Section
3.2, Eq. [32]) is much longer than the timescale for LK os-
cillations (Eq. [3]), the energy is very nearly constant over
a single LK cycle.
As seen from Fig. 1, during the oscillatory phase of the
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LK migration, the maximum eccentricity of each LK cycle
emax ≈ constant, while the minimum eccentricity steadily
increases, so that the range of eccentricity variation narrows
(see right panels of Fig. 1). The inclination at maximum ec-
centricity, θlb,max, is also nearly constant. For given emax and
θlb,max, the minimum eccentricity emin can be determined
using the two (approximate) conservation laws, giving
3
4
e2min =
3
8
e2max
(
2− 5 sin2 θlb,max
)
+
[
εGR
j
+
εTide
15j9
(
1 + 3e2 +
3e4
8
)
+
εRot
3j3
]∣∣∣∣∣
emax
emin
. (21)
Here we have used the fact that the maximum eccentricity
occurs when ω = pi/2 or 3pi/2, while the minimum eccentric-
ity occurs at ω = 0 or pi (provided that ω is in the circulating,
rather than librating regime). For reasonable values of the
planetary rotation rate (see Section 3.3), the SRF effect due
to the rotational bulge can be neglected compared to the
tidal effect.
We can now determine the condition for the suppression
(freezing) of LK oscillations. Since the freezing occurs at
emax close to 1, it is more appropriate to consider the freezing
of j. For ∆j ≡ jmin−jmax =
√
1− e2min−
√
1− e2max  jmax,
we find that
∆j
jmax
≈ 15
8
sin2θlb,max
(
εGR
jmax
+
21
8
εTide
j9max
)−1
. (22)
(Note that the subscript “max” indicates the value at max-
imum eccentricity.) As a decreases, both εGR and εTide in-
crease rapidly, which leads to the decrease of ∆j. The fact
that θlb,max is nearly constant (see Fig. 1), along with conser-
vation of J (see Eq. [20]), together imply that jmax ∝ a−1/2.
For εGR/jmax >∼ (21/8)εTide/j9max, or
jmax >∼
(
21εTide
8εGR
)1/8
= 0.245
R¯
5/8
p
M¯
1/8
p a¯1/2
, (23)
the GR term dominates, and we have
∆j
jmax
' 0.1 M¯b
M¯2? a¯2b,eff
( a
0.3 AU
)4( jmax
0.2
)
sin2θlb,max. (24)
When equation (23) is not satisfied, the tidal term domi-
nates, and we have
∆j
jmax
' 0.01 M¯bM¯p
M¯2? a¯3b,eff
( a
0.5 AU
)8( jmax
0.2
)9
sin2θlb,max.
(25)
Figure 2 shows ∆j/jmax as a function of a using Eq. (22)
(where jmax has been calculated from Eq. [20]), for the same
system parameters as depicted in Fig. 1, and three values of
θlb,0. We see that ∆j/jmax decreases with decreasing a, as
SRFs increasingly suppress the LK oscillations.
3.2 Migration Rate: Upper Limit and Estimate
For a given a and e, the orbital decay rate (using weak fric-
tion tidal theory) takes the form (Alexander 1973; Hut 1981)(
1
a
da
dt
)
Tide
= − 1
ta
1
j15
[
f1(e)− j3f2(e)Ωp
n
]
, (26)
where the dimensionless functions of eccentricity f1 and f2
are defined in Eqs. (A18) and (A19). The timescale ta is
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
a (AU)
10-4
10-3
10-2
10-1
∆
j/
j m
a
x
θlb,0 =80
◦
θlb,0 =85
◦
θlb,0 =89
◦
Figure 2. Condition for freezing of LK oscillations, ∆j/jmax as
a function of a using Eq. (22) (where we assumed ∆j/jmax  1),
where jmax =
√
1− e2max has been calculated from Eq. (20), with
the assumption that θlb,max ∼ θlb,0. We have chosen three values
of θlb,0, as labeled, and all other parameters the same as in Fig. 1.
As a decreases (so that εGR and εTide increase), SRFs limit the
eccentricity variation, causing ∆j to decrease.
given by
1
ta
= 6k2p∆tL
M∗
Mp
(
Rp
a
)5
n2
≈ 7.3× 10
−21
yr
χk¯2p
M¯?M¯tot
M¯p
R¯5p
a¯8
, (27)
where ∆tL is the lag time, k2p is the tidal Love number, and
we have introduced a tidal enhancement factor χ (relative to
Jupiter), defined such that ∆tL = 0.1χ sec. Our canonical
value is χ = 10. It is convenient to introduce the quantity
aF ≡ a(1− e2max), (28)
because aF varies by at most ∼ 20% during the inward
migration of a planet undergoing LK cycles. Note that
aF is approximately equivalent to the final (“circularized”)
semi-major axis of the planet. To produce HJs, we require
aF . 0.05 AU (i.e. orbital periods less than ∼ 4 days).
For a given value of the planetary spin rate Ωp, the
maximum decay rate occurs for e = emax (see Section 3.3 for
a discussion of our treatment of the planetary spin). Setting
Ωp ' 0 for simplicity, the maximum decay rate is∣∣∣∣1a dadt
∣∣∣∣
Tide,max
=
1
ta
f1(emax)
j15max
≈ 2.52× 10
−9
yr
χk¯2p
M¯totM¯?R¯
5
p
M¯pa¯1/2
( a¯F
0.05
)−15/2
.
(29)
Non-zero values of the planetary spin rate Ωp would slightly
modify the numerical coefficient in Eq. (29).
Eq. (29) overestimates the actual LK migration rate,
since the planet spends only a small fraction of time near
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high eccentricity during an LK cycle. We can estimate the
time spent in the vicinity of emax as follows. Neglecting
SRFs, the planet’s argument of pericenter ω evolves accord-
ing to
dω
dt
=
3
4tk
√
1− e2
[
2(1− e2) + 5 sin2 ω(e2 − sin2 θlb)
]
. (30)
Near maximum eccentricity, ω centers around pi/2 or 3pi/2,
with width of ∆ω ∼ 1 radian (see, e.g. Holman et al. 1997,
Fig. 3). Thus, the second term in Eq. (30) is of order unity
and the first term is negligible, so that the time spent near
emax can be approximated by
∆t(emax) ∼ tk
√
1− e2max. (31)
Thus, the actual orbital decay rate during LK migration is
roughly∣∣∣∣1a dadt
∣∣∣∣
Tide,LK
∼
∣∣∣∣1a dadt
∣∣∣∣
Tide,max
(1− e2max)1/2
' 5.6× 10
−10
yr
χk¯2p
M¯totM¯?R¯
5
p
M¯pa¯
( a¯F
0.05
)−7
(32)
(see also Petrovich 2015b for a more detailed exploration of
the LK migration rate). Since the main-sequence lifetime of
a solar-type star is ∼ 1010 yr, inward migration resulting in
HJ formation requires that aF . 0.05 AU.
3.3 Evolution of Planet Spin During LK Cycles
with Tidal Friction
Similar to the spin axis of the host star, the spin axis of
the oblate planet Sˆp (where the spin angular momentum is
Sp = SpSˆp) precesses around the orbital axis Lˆ according
to
dSˆp
dt
= Ωprec,pLˆ× Sˆp, (33)
where the precession rate Ωprec,p is given by
Ωprec,p = −3
2
kqp
kp
M?
Mp
R3p
a3
Ωp
j3
cos θp
' −2.69× 10−4yr−1 k¯qpM¯?R¯
3
p
k¯pM¯pa¯3
cos θp
j3
, (34)
with cos θp = Sˆp · Lˆ (see Table 1 for definitions and canoni-
cal values of all other quantities). We can define a planetary
“adiabaticity parameter” Ap,0 (analogous to the stellar adi-
abaticity parameter A0, see Eq. [11]), where
Ap,0 ≡
∣∣∣∣Ωprec,pΩL
∣∣∣∣
e=0
' 57.1 k¯qpM¯?M¯
1/2
tot R¯
3
pa¯
3
b,eff
k¯pM¯pM¯ba¯9/2P¯p
∣∣∣∣ cos θpcos θlb sin θlb
∣∣∣∣ .
(35)
Clearly, for all plausible parameters, Ap,0  1, provided
that the planetary obliquity θp is not too close to 90
◦. The
planetary spin axis is thus always in the adiabatic regime
(see Section 2.1), with the planetary spin orbit angle θp ≈
constant.
We thus treat the direction of the planetary spin axis
as always being aligned with the orbital axis Lˆ, and the
spin magnitude Sp = kpMpR
2
pΩp evolves only due to tidal
dissipation. After averaging over the periastron precession
(e.g. Alexander 1973; Hut 1981; Correia et al. 2011), the
evolution of Sp is governed by the expression(
1
Sp
dSp
dt
)
Tide
= − 1
2ta
L
Sp
1
j13
[
j3f5(e)
Ωp
n
− f2(e)
]
, (36)
where f2 and f5 are functions of eccentricity, defined
in Eqs. (A19) and (A22). The magnitude of the orbital
angular momentum evolves according to (dL/dt)Tide =
−(dSp/dt)Tide.
A fiducial example of the planetary spin behavior is
shown in Fig. 3, for the same parameters as in Fig. 1. The
planet spin period is initialized to Pp = 10 hours, and ex-
hibits complex behavior, as it tidally evolves while under the
external forcing of the binary companion. During the low-e
phase of each LK cycle, the planet spin magnitude remains
nearly constant, and then undergoes a rapid “jump” (with
|∆Pp|/Pp  1) during the high-e phases. After many LK
cycles, a state of near equilibrium is reached, so that the
spin period at low eccentricity returns to nearly the same
value after the high-e “jump” (see Fig. 4). As the LK cy-
cles begin to be suppressed due to orbital decay, the range
of eccentricity narrows (see Section 3.1), and the spin pe-
riod gradually decreases. Once the LK cycles are completely
suppressed, the spin period increases and eventually settles
to a final value Pp ' 38 hours, synchronized with the final
orbital period of the planet.
We can understand the behavior of the planetary spin
under the influence of LK cycles as follows. The timescale
for planetary spin variation due to tidal dissipation is (see
Eq. [36])
tspin =
∣∣∣∣SpS˙p
∣∣∣∣ ∼ SpL taj13
' 2.9× 103yr k¯p
k¯2pχ
M¯pa¯
15/2
M¯2?M¯
1/2
tot R¯
3
p
(
Pp
1day
)−1(
j
0.1
)12
.
(37)
This is much less than the orbital decay circularization
timescale due to tides, tcirc ∼ taj13, or the orbital decay time
(∼ taj15) for all values of a and e. Therefore, in the absence
of an external perturber (i.e. when the system is governed
purely by tidal dissipation), the planetary spin reaches a
state of pseudo-synchronization, with
Ωp,eq = Ωp,pseudo =
f2(e)
j3f5(e)
n. (38)
The situation is very different when the planet under-
goes LK oscillations driven by an external perturber. The
time the planet spends around eccentricity e in each LK cy-
cle is of order ∆tk ∼ tk
√
1− e2 (see Eqs. [3] and [31]). Note
that the spin evolution timescale tspin (see Eq. [37]) depends
strongly on eccentricity. During the low-eccentricity phase of
the LK cycle, tspin  ∆tk, so that the spin magnitude re-
mains constant. However, during the brief high-eccentricity
phase, tspin can be comparable to ∆tk, and the planetary
spin magnitude undergoes a small “jump” ∆Ωp. Assuming
|∆Ωp|/Ωp  1, this jump can be calculated from
∆Ωp
Ωp
' −
∫ tk/2
−tk/2
1
2taj13
L
Sp
[
j3f5(e)
Ωp
n
− f2(e)
]
dt, (39)
where e = e(t), and the time integration covers a single
LK cycle centered around the eccentricity maximum. On
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Figure 3. Planet spin period as a function of time, for the same
parameters shown in Fig. 1. For reference, we also show the vari-
ation of the orbital eccentricity 1 − e (top panel). The planet
spin remains constant during the low-eccentricity phase of each
LK cycle, and undergoes a rapid “jump” during the brief high-
eccentricity phase. The bottom panel shows Pp over the entire
evolution (until the LK cycles are suppressed and the semi-major
axis decays to the final value), and the inset shows a zoomed-
in portion of the spin evolution, as indicated by the red-boxed
region (0.32 Gyr . t . 0.42 Gyr). On timescales much longer
than tk, but shorter than the orbital decay time, the spin period
reaches “Kozai spin equilibrium” (see text). As the LK oscilla-
tions are suppressed (see Section 3.1), the equilibrium spin pe-
riod approaches the pseudo-synchronized value (Eq. 38), drawn
in light-grey in the inset panel.
timescales much longer than tk but shorter than the or-
bital decay time, the spin rate approaches a constant value
Ωp,eq, the “Kozai spin equilibrium,” such that ∆Ωp = 0. For
“canonical” system parameters (Mp = 1MJ , a0 = 1.5AU,
ab = 200AU), and varying initial inclination (corresponding
to varying emax), we determine Ωp,eq by adjusting the initial
planetary spin rate, integrating for a single LK cycle, and
iterating until ∆Ωp = 0 in Eq. (39). The results are depicted
in Figure 5. We see that the Kozai spin equilibrium differs
from the pseudo-synchronized value at emax, with the ratio
Ωp,eq/Ωp,pseudo(emax) ≈ 0.8.
3.4 Limiting Eccentricity and Necessary
Conditions for Planet Migration and
Disruption
When the octupole potential from the binary companion is
neglected, the maximum eccentricity emax attained by the
planet in LK cycles can be determined by the conservation
laws discussed in Section 3.1. If the initial eccentricity of the
planet is close to zero and the initial inclination is θlb,0, we
10-2
10-1
100
1−
e
0.136 0.138 0.140 0.142 0.144
t (Gyr)
17.00
17.05
17.10
17.15
17.20
P
p
 (
h
r)
Figure 4. Same as Figure 3, but showing only three LK cycles,
once the planet spin has achieved the “Kozai spin equilibrium”
(see text).
0.970 0.975 0.980 0.985 0.990 0.995
emax
0.0
0.1
0.2
0.3
0.4
0.5
0.6
Ω
p
 (
h
r)
−1
Ωp,eq
Ωp,pseudo
Figure 5. “Kozai spin equilibrium rate” rate (Ωp,eq, solid curve),
as a function of emax, the maximum eccentricity attained in an
LK cycle. For comparison, we also plot the pseudo-synchronized
rate at emax (Ωp,pseudo, dashed curve). We vary the maximum
eccentricity by varying the initial inclination θlb,0, and integrate
a set of simplified equations for a single LK cycle (accounting for
pericenter precession due to GR and static tides, but neglecting
the precession due to planetary rotation). We further ignore or-
bital decay. Parameters are Mp = 1MJ , a = 1.5AU, ab = 200AU,
eb = 0.
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find (Liu et al. 2015):
εGR
( 1
jmax
− 1
)
+
εTide
15
(1 + 3e2max + 38e4max
j9max
− 1
)
+
εRot
3
( 1
j3max
− 1
)
=
9e2max
8j2max
(
j2max − 5
3
cos2θlb,0
)
. (40)
The limiting eccentricity elim is achieved at θlb,0 = 90
◦. For
emax ' 1, we have
εGR
jlim
+
7εTide
24j9lim
' 9
8
, (41)
where
jlim ≡ (1− e2lim)1/2, (42)
and we have neglected the effect associated with the plane-
tary rotational bulge (since it is generally smaller than the
tidal term).
When the octupole potential is included, the “Kozai
constant” K [Eq. (12)] is no longer a constant of mo-
tion, thus Eq. (40) is not valid. Nevertheless, Liu et al.
(2015) show that the limiting eccentricity, as determined
by Eq. (41) still provides an upper limit to the achievable
eccentricity in the LK cycles in the presence of SRFs. The
effect of the octupole potential is to make the planet un-
dergo occasional excursion into elim even when θlb,0 6= 90◦.
In general, elim can be attained for a range of θlb,0 centered
around 90◦, with the range becoming wider as the octupole
parameter εoct increases (see Eq. [4]).
For a given set of system parameters
(M?,Mb,Mp, Rp, a, ab, eb), Eq. (41) determines the
limiting eccentricity (or limiting periastron distance
ap,lim ≡ a[1− elim])
0.021
M¯2? a¯
3
b,eff
M¯ba¯
1/2
p,lima¯
3.5
+1.89×10−9 M¯
2
? a¯
3
b,effR¯
5
p
M¯bM¯pa¯4.5p,lima¯
3.5
=
9
8
, (43)
where we have used Eqs. (17) and (18). For jlim >∼ jlim,c,
where
j2lim,c =
(
7εTide
24εGR
)1/4
= 3.46× 10−2 R¯
5/4
p
M¯
1/4
p a¯
, (44)
the GR effect dominates SRFs, and we have
j2lim = 1− e2lim = 7.1× 10−4
(
M¯2? a¯
3
b,eff
M¯ba¯4
)2
. (45)
For jlim <∼ jlim,c, tides dominate the SRF, and we have
j2lim = 1− e2lim = 2.25× 10−2
(
M¯2? R¯
5
pa¯
3
b,eff
M¯bM¯pa¯8
)2/9
. (46)
As discussed in Section 3.2, for a planet to migrate,
its pericenter distance ap must be sufficiently small, so that
tidal dissipation can damp and circularize the orbit within a
few Gyrs. We therefore require ap,lim . ap,crit, where ap,crit
is the maximum pericenter distance needed to circularize
the orbit within a specified time frame. Note that ap,crit
depends on the tidal dissipation strength, and therefore is
a fuzzy number. However, for reasonable tidal dissipation
strengths, and circularization times of a few Gyr or less,
ap,crit ' 0.025 AU (so that aF . 0.05 AU). Setting ap,lim .
ap,crit, a necessary condition for LK migration is
a¯b,eff .2.03 a¯7/6
( ap,crit
0.025AU
)1/6( M¯b
M¯2?
)1/3
×
[
1 + 0.23
R¯5p
M¯p
( ap,crit
0.025AU
)−4]−1/3
.
(47)
Note that this is a necessary, but not sufficient condition,
because as discussed above, the outer binary must be suffi-
ciently inclined in order for a planet to achieve elim.
The planet is tidally disrupted if the planet’s periastron
distance is less than the tidal radius (e.g. Guillochon et al.
2011)
rTide = 2.7fRp
(
M?
Mp
)1/3
, (48)
where f ∼ 1 (we set f = 1 for all calculations in this paper).
Setting ap,lim 6 rTide, we obtain a necessary condition for
tidal disruption:
a¯b,eff 6 1.81 a¯7/6(fR¯p)1/6
(
M¯?
M¯p
)1/18(
M¯b
M¯2?
)1/3
(49)
×
(
1 +
3.54R¯pM¯
1/3
p
f4M¯
4/3
?
)−1/3
.
Note that since the tidal disruption radius (Eq. [48]) is not
a precisely defined quantity (the coefficient f has uncertain-
ties, and it depends on the planetary mass-radius relation,
which can vary widely for giant planets), there are associ-
ated uncertainties in the disruption condition in Eq. (49).
Figure 6 delineates the parameter space in terms of the
initial planet semi-major axis a0 and effective binary sep-
aration ab,eff for migration and disruption, as determined
from Eqs. (47) and (49) for various planetary masses. For a
given planet mass, the parameter space can be divided into a
“Migration Impossible” zone, a “HJ Formation” zone, and a
“Disruption Possible” zone. Migration is possible below the
solid line when the planet is sufficiently inclined relative to
the binary, while below the dashed line, tidal disruption is
possible. The “HJ Formation” zone, the region between the
solid and dashed lines, narrows substantially with decreasing
planet mass, implying that HJ production efficiency should
decline with decreasing planet mass. Finally, note that while
HJs are never able to form above the solid line, they do oc-
cassionally form below the dashed line, for systems where
the mutual inclination is not high enough to result in tidal
disruption. Therefore, while the upper boundary (solid line)
of the HJ formation zone is robust, the lower boundary is
somewhat uncertain. However, the vast majority of HJs will
reside in the region between the solid and dashed lines.
Further discussion of the planet migration and disrup-
tion fractions can be found in Section 5.4.1.
3.5 Freezing of Spin-Orbit Angle
The evolution of the spin-orbit angle θsl is complex. Here we
examine how θsl is frozen into its final value near the end of
the LK migration.
As shown in Storch & Lai (2015) (hereafter SL15), the
dynamics of the stellar spin axis Sˆ? relative to the planet’s
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Figure 6. Boundaries in (a0, ab,eff) parameter space for migra-
tion (solid lines), and tidal disruption (dashed lines). The migra-
tion and disruption boundaries are determined by Eq. (47) (with
ap,crit = 0.025 AU) and Eq. (49) (with f = 1) for several planet
masses (as indicated by the color). For each planet mass, migra-
tion is impossible (for all initial planet-outer binary inclinations)
above the solid line, and tidal disruption is impossible above the
dashed line. Below the solid (dashed) line, migration (disruption)
is possible (depending on the binary inclination), but not guar-
anteed. HJ formation only occurs below the solid line, and is
usually, but not always, confined to the region between the solid
and dashed lines.
orbital axis Lˆ depends on three dimensionless ratios
β = −Ωpl
α
sin θlb, (50)
γ =
θ˙lb
α
, (51)
ψ = −Ωpl
α
cos θlb, (52)
where we have defined the function α via
Ωps = −α cos θsl, (53)
and the dimensionless parameter  is defined by
 =
∣∣∣∣Ωplα
∣∣∣∣
e=0
. (54)
The parameter  is related to the “adiabaticity parameter”
A0 [see Eq. (11)] by  = A−10 | cos θsl,0/ sin θlb,0|. In general
β, γ, ψ are strong functions of time, with the period given by
the LK period of the eccentricity variation (when neglect-
ing the feedback effect of the stellar spin on the orbit and
the dissipative effect). They can be decomposed into vari-
ous Fourier components, each giving rise to a resonance (see
SL15). Near the end of LK migration, the amplitude of the
eccentricity oscillation becomes small (see Section 3.1). So
when θsl begins to freeze, the dynamics of Sˆ? is dominated
by the N = 0 (time-independent) components (β¯ and ψ¯,
with γ¯ = 0). Thus, the effective Hamiltonian for the stellar
spin axis is (see Eq. [53] of SL15)
H = −1
2
p2 +  ψ¯ p− 
√
1− p2 β¯ cosφ, (55)
where p = cos θsl and φ (the phase of precession of Sˆ? around
Lˆ) are the conjugate canonical variables.
Since H is time-independent, the range of variation of
p can be derived from energy conservation. Suppose p = pF
at φ = pi/2. For  1, we find
p ' pF − β¯
√
1− p2F
pF
cosφ. (56)
Thus the spread (full width) of θsl as φ circulates between 0
and 2pi is
∆θsl ' 2β¯| cos θsl,F | =
2
AF , (57)
where
AF ≡ 〈|Ωpl|〉〈|Ωpl sin θlb|〉 . (58)
The bracket 〈...〉 in Eq. (58) indicates time averaging over
the small “residual” LK oscillations. If the eccentricity vari-
ation is “frozen” or has small amplitude, then the averaging
is unnecessary and AF is the same as A defined in Eq. (10).
Thus, in order for the spin-orbit angle to freeze at θsl,F to
within ∆θsl (e.g., 2
◦) requires
A >∼ 60
(
∆θsl
2◦
)−1
. (59)
4 PATHS TOWARD MISALIGNMENT
In this section we present a series of numerical experiments
to illustrate various paths of spin-orbit evolution during LK
migration. These will be useful for understanding our popu-
lation synthesis results of the final spin-orbit angles for HJs
in Section 5. The theoretical basis for these different evolu-
tionary paths is presented in Storch et al. (2016, submitted).
4.1 Effects of Varying Stellar Spin Rate
To isolate the effects of the stellar spin dynamics, and high-
light the importance of the stellar spin properties on the final
spin-orbit angle, we first ignore the feedback of the stellar
spin on the planetary orbit (thus ignoring the mutual preces-
sion of S? and L). Possible types of evolution are illustrated
in Figs. 7 and 8. In both figures, we vary the stellar spin
period while keeping all other system parameters constant.
Figure 7 presents an example of chaotic spin evolution: three
closely spaced values of the stellar spin period result in very
different spin evolutions and final spin-orbit misalignments.
Figure 8 presents three different types of non-chaotic spin
evolution, only two of which are able to generate spin-orbit
misalignment.
The leftmost panel (with P? = 30 days) of Fig. 8 (with
θsl in the middle row) shows an example of non-adiabatic
spin behavior. Here, the spin-orbit misalignment angle θsl
evolves slowly, with step-like changes corresponding to LK
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eccentricity maxima, during which the spin evolves the most
rapidly. Since the planet orbit changes much faster than the
spin can respond, the spin axis effectively precesses about
the time average of the planet orbital angular momentum
vector.
On the opposite end of the spectrum, the middle panel
of Fig. 8 (with P? = 7.07 days) is an example of adiabatic
spin behavior. Here, the stellar spin axis evolves quickly
enough that it easily “keeps up” with the planet angular mo-
mentum vector, and hence θsl is approximately conserved,
making it difficult to generate misalignment.
The rightmost panel of Fig. 8 (with P? = 1.67 days)
shows a more complicated variation of the adiabatic evolu-
tion, which we term “adiabatic advection”. As discussed in
detail in SL15, the adiabatic regime of stellar spin evolution
is governed by a set of resonances between the time-averaged
spin precession rate and the mean LK oscillation rate. Under
certain conditions, it is possible for a trajectory to become
trapped inside one of the resonances. As tidal dissipation
acts to make the system even more adiabatic, the resonance
moves in phase space, dragging the trajectory with it and
thus generating misalignment. We discuss and clarify the
mechanism of this phenomenon in (Storch et al. 2016, sub-
mitted).
Fig. 9 presents final spin-orbit angles θsl,f for many dif-
ferent values of the stellar spin period, for three different
orbital evolutions (characterized by different initial inclina-
tions θlb,0). This illustrates the role of the adiabaticity pa-
rameter A0 (see Eq. [11]) in determining which of the four
types of evolution the spin-orbit angle undergoes. For low
values of A0, chaotic and regular non-adiabatic behaviors
are prevalent. For intermediate values, e.g. 10 . A0 . 100
in the rightmost panel, adiabatic advection dominates, with
each of the striated lines corresponding to adiabatic advec-
tion by resonances of different orders (see Storch et al. 2016,
submitted). For A0 & 100, stationary adiabatic behavior
prevails. Thus, A0 can be used as an indicator for the be-
havior of a system with a particular set of initial conditions.
4.2 Effects of Varying Inclination
In this subsection we take a different tack and examine
the effect of varying the initial planet orbit inclination
θlb, for different values of the stellar spin period and the
planet mass. As before, we continue to ignore the back-
reaction torque the star exerts on the planet orbit. Fig. 10
demonstrates that changing the initial inclination effectively
changes A0, and thus systems with different initial inclina-
tions can also exhibit the different behaviors shown in Figs. 7
and 8 of Section 4.1. In particular, the three columns of
Fig. 10 correspond to chaotic evolution (left panels), adi-
abatic advection (middle panels), and an extreme case of
stationary adiabatic evolution (right panels).
In Fig. 11 we show the dependence of the final spin-
orbit misalignment angle on the initial inclination, for sev-
eral combinations of planet mass and stellar spin period.
As expected, chaotic behavior occurs mainly at lower ini-
tial inclinations (less adiabatic – see the right two panels of
Fig. 11). We note, however, that despite spanning approxi-
mately the same range of A0, heavier planets are much more
likely to produce chaotic behavior than lower-mass planets -
this implies that A0 is not the only parameter governing the
evolution of θsl (Storch et al. 2016, submitted). Stationary
adiabatic behavior manifests here as the “tail” of the distri-
butions at higher initial inclinations, e.g. between 88.5◦ and
90◦ in the top left panel, and near 90◦ in the bottom right
panel. The long stretches of nearly-constant θsl,f present in
the higher-mass (more adiabatic) panels are due to adiabatic
advection.
The non-adiabatic behavior regime shown in Fig. 8 (left
panels) manifests here as a bimodal split in θsl,f (see the left
two panels of Fig. 11). This bimodality is the result of a
bifurcation phenomenon that occurs at the moment the sys-
tem transitions from being non-adiabatic to being adiabatic
(due to the orbital decay from tidal dissipation). Before the
transition, the system undergoes wide 0−180◦ degree oscilla-
tions in θsl; after the transition, the system must evolve adi-
abatically and be confined either above or below θsl = 90
◦.
The transition between these two states is akin to a bifur-
cation. We illustrate this in Fig. 12 by showing the time
evolution of two trajectories with nearly identical initial con-
ditions. Unlike the previous chaotic examples shown (with
positive Lyapunov exponents) the trajectories in Fig. 12 do
not quickly diverge, but rather remain qualitatively similar
while accumulating some phase difference. This phase dif-
ference, if pronounced enough, leads to a bifurcation in the
final spin-orbit angle. We discuss this phenomenon in detail
in (Storch et al. 2016, submitteds).
In summary, the evolution of the spin-orbit misalign-
ment angle can proceed in four distinct ways. (i) Chaotic.
Neighboring spin trajectories diverge exponentially and θsl,f
is very sensitive to initial conditions. (ii) Regular non-
adiabatic. θsl initially undergoes wide, regular 0−180◦ oscil-
lations. After significant semi-major axis decay has occurred,
the evolution of θsl undergoes a bifurcation and becomes
confined either above or below 90◦ degrees. This leads to
the bimodality seen in Fig. 11 (left panels). (iii) Stationary
adiabatic. θsl is approximately conserved and no misalign-
ment can be generated. (iv) Adiabatic advection. The phase
space trajectory becomes trapped in a resonance and ad-
vected to higher misalignments. θsl,f depends sensitively on
the stellar spin period (Fig. 9, right panel), but only weakly
on the initial inclination (Fig. 11, right panels).
4.3 Effects of the Backreaction Torque from the
Stellar Quadrupole on the Orbit
All examples in Sections 4.1 and 4.2 have neglected the back-
reaction torque from the stellar quadrupole on the planet’s
orbit, in order to simplify the analysis of the spin-orbit dy-
namics. However, under some conditions, the backreaction
torque can significantly affect the evolution of the spin-orbit
misalignment. In the following discussion, we show how in-
cluding this torque affects (and complicates) the dynam-
ics, and delineate the parameter space where this torque
can compete with the torque from the binary companion in
changing the orbital axis.
The stellar quadrupole has two effects on the planetary
orbit. First, it changes the direction of the angular momen-
tum axis Lˆ at the rate given by
dLˆ
dt
∣∣∣∣∣
SL
= Ωps
S?
L
Sˆ? × Lˆ ∝M−1/2? R5?Ω2?. (60)
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Figure 7. Examples of chaotic evolution for three values of the stellar spin period (in days) as labeled, neglecting the feedback torque
from the stellar quadrupole on the orbit. Without feedback, the orbital evolution for each system is identical (shown in the top panels),
while the spin-orbit angle settles to a final value that is highly sensitive to the initial conditions. The adiabaticity parameter A is defined
in Eq. (10). Parameters are Mp = 5MJ , a0 = 1.5 AU, ab = 300 AU, eb = 0, θlb,0 = 87
◦.
Second, it causes the eccentricity vector e to precess around
Lˆ,
de
dt
∣∣∣∣
SL,rot
=
ω˙?
2
(5 cos2 θsl − 1)Lˆ× e (61)
where
ω˙? = −S?
L
Ωps
cos θsl
. (62)
The subscript “rot” in Eq. (61) implies that the time deriva-
tive is done in the frame rotating with the nodal precession
of the orbit (at the rate ΩpsS?/L), so that Lˆ is fixed in space
(compare Eq. [61] with Eq. [A7]). The effect of the stellar
quadrupole on the eccentricity vector does not introduce any
new features in the orbital evolution, but simply contributes
to the rate of pericenter precession due to other SRFs (GR,
tidal and rotational distortions of the planet). By contrast,
the effect on the orbital axis Lˆ does directly change θlb,
thereby influencing the evolution of the spin-orbit angle.
Consider now the change in θlb due to the backreaction
torque of the stellar quadrupole (Eq. [60]). The maximum
possible change is
(∆θlb)max ∼
(
S?
L
)
emax
' 0.12 k¯?M¯
1/2
tot R¯
2
?
M¯p
( a¯F
0.05
)−1/2( P?
30days
)−1
,
(63)
assuming L & S?. The actual change of θlb in an LK cycle
can be obtained by integrating Eq. (60) through time tk
around the eccentricity maximum, yielding
(∆θlb)actual ∼
(∣∣∣∣∣dLˆdt
∣∣∣∣∣∆t
)
emax
∼
(
|Ωps|S?
L
)
emax
tk
√
1− e2max
' 0.1 k¯qR¯
5
?M¯tota¯
3
b,eff
M¯bM¯?a¯7/2
( a¯F
0.05
)−3/2( P?
6days
)−2
(64)
where we have used Eq. (31) for ∆t(emax). Note that
(∆θlb)actual is also approximately equal to the ratio between
|dLˆ/dt|SL and |dLˆ/dt|LK. Eq. (64) assumes ∆θlb,actual .
∆θlb,max. That is, the actual change in θlb due to the back-
reaction torque is given by Eq. (63) or Eq. (64), whichever
is smaller.
We have already seen from Fig. 11 that the final spin-
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Figure 8. Examples of possible non-chaotic evolution of the spin-orbit angle, depending on the stellar spin rate. As in Fig. 7, feedback
has been neglected, so that the orbital evolution, shown in the top row, is identical for all three examples: Non-adiabatic with P? = 30
days (left), stationary adiabatic with P? = 7.07 days (middle), and adiabatic advection with P? = 1.67 days (right). Parameters are
Mp = 5MJ , a0 = 1.5, ab = 300 AU, eb = 0, θlb,0 = 89
◦.
orbit misalignment can depend strongly on θlb,0. We expect
that the backreaction torque will significantly affect θsl,f
when (∆θlb)actual & 0.1. Eqs. (63) and (64) indicate that
this condition is satisfied for P? . a few days, depending on
various parameters (such as ab,eff and Mp). Fig. 13 shows
θsl,f as a function of θlb,0 for several values of P? and Mp,
with the backreaction torque included in the calculations
(cf. Fig.11, which neglects the backreaction torque).
Comparing Figs. 11 and 13 reveals the main effects of
the backreaction torque on the final spin-orbit angle. Sys-
tems with the lowest planet mass and shortest spin period
(Mp = 1MJ , P? = 2.3 days, top left) are most strongly
affected by feedback, and the clean bimodality present in
θsl,f in Fig. 11 is erased, and replaced by clustering near
θsl,f ∼ 90◦. The results for the large planet mass and short
spin period (Mp = 5MJ , P? = 2.3 days, top right) are also
significantly affected, due to planets becoming tidally dis-
rupted at high inclinations. The systems with longer stellar
spin periods (bottom panels) are less affected by feedback,
and the general structure found in Fig. 11 is partially pre-
served.
5 POPULATION SYNTHESIS
5.1 Setup and Computational Procedure
In this section we perform a detailed parameter space sur-
vey for giant planets undergoing LK migration, exploring the
dependence of the final spin-orbit misalignment angle distri-
bution on the planet mass and stellar spin properties. We
focus on two types of host stars: a solar-mass (M? = 1M,
spectral type G) star, and a massive (M? = 1.4M, spectral
type F) star. The initial spin period of both types of stars
is set to P? = 2.3 days, corresponding to 5% of breakup for
the G star; both stars subsequently spin-down according to
the Skumanich law (see Section 2.1). The G (F) star is cal-
ibrated to reach a spin period of 28 (9) days after 5 Gyr,
to account for the fact that massive stars are observed to
rotate more rapidly at a given age (e.g. McQuillan et al.
2014). The stellar radius is set to R? = 1R for G-type
stars, and R? = 1.26R for F-type stars. We consider four
planet masses (Mp = 0.3, 1, 3, and 5MJ), all having a ra-
dius Rp = 1RJ . Note that this is a simplification, as some
observed close-in gas giant planets are found to be inflated
in size, while others are more compact (e.g. Laughlin et al.
2011).
We integrate the full equations of motion for the plan-
etary orbit, including the octupole terms from the stellar
companion, feedback torque from the host stellar spin, and
all short-range forces, together with evolution equations for
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Figure 9. The final spin-orbit angle θsl,f (for systems with planets that undergo inward migration to produce hot Jupiters) as a function
of the adiabaticity parameter A0. Here, we vary A0 by varying P? = 0.1− 10 days (as depicted on the upper x-axis). Results are shown
for initial inclinations θlb,0 = 87
◦ (left), 88◦ (middle), and 89◦ (right). The colored marks correspond to the time evolution presented in
Fig. 7 and 8. As the initial inclination increases, the adiabaticity parameter A0 increases, leading to systems with a smaller spread in
θsl,f . Parameters are Mp = 5MJ , a0 = 1.5, ab = 300 AU, eb = 0, no feedback.
the host stellar spin, and the planetary spin rate (due to
tidal dissipation). As in previous population studies (Naoz
et al. 2012; Petrovich 2015b), systems that do not obey the
stability condition (Mardling & Aarseth 2001)
ab
a
> 2.8
(
1 +
Mb
Mtot
)2/5
(1 + eb)
2/5
(1− eb)6/5
[
1− 0.3 θlb,0
180◦
]
(65)
are discarded. To increase the efficiency of the parameter
survey, for each integration we adopt the following stopping
conditions:
(i) If after 500 LK timescales (Eq. [3]) the pericenter dis-
tance has never reached rp = a(1− e) < 0.07 AU, we termi-
nate the calculation to avoid unnecessary integrations, and
classify the planet as non-migrating. The time needed for
such planets to undergo significant orbital decay is greater
than ∼ 1011 years (see Section 3.2, Eq. [32]). This is far too
long to allow significant migration within the lifetime of the
host star.3
3 Note that with the octupole terms from the binary companion
included, the planet can achieve extreme values of eccentricity
elim when θlb,0 is sufficiently large (see Section 3.4). Although
these octupole extreme eccentricities are nearly always achieved
sooner than 500tk (depending on εoct, see Liu et al. 2015), the
possibility of the planet achieving such a high eccentricity cannot
be ruled out for t > 500tk. We therefore run the risk of termi-
nating systems that might later undergo orbital decay. However,
note that in such cases, the eccentricity usually becomes so high
that the planet would be tidally disrupted, and removed from the
sample of HJs. We have tested this stopping criterion and found
that the approximation causes a very small fraction of tidally
(ii) If at any point the pericenter distance rp = a(1 −
e) < rTide, where rTide is the tidal disruption radius, given
in Eq. (48), we terminate the integration, and classify the
planet as tidally disrupted.
(iii) If the semi-major axis has decayed to a < 0.1 AU,
we terminate the integration and classify the planet as a
hot Jupiter. In such cases, the spin-orbit angle has always
safely reached the adiabatic regime (so that the adiabatic-
ity parameter A has become sufficiently large), with Sˆ? and
Lˆ undergoing mutual precession, and θsl is nearly constant,
varying by less than 1◦. At this point, LK oscillations from
the binary companion are completely suppressed (see Sec-
tion 3.1), and the planet will continue to undergo pure tidal
evolution at nearly constant angular momentum, with final
semimajor axis af ' a(1− e2), where a and e are evaluated
at the point at which the integration is stopped.
(iv) If none of these conditions are satisfied during the
integration, we terminate the integration at t = 5 Gyr and
classify the planet as non-migrating.
For each set of system parameters, we begin by inte-
grating the full equations of motion. However, in situations
where the planet experiences sufficient orbital decay, the LK
oscillations become suppressed so that the range of eccen-
tricity variation narrows, and the stellar spin axis enters
the adiabatic regime where θsl ≈ constant (see Sections 3.1
and 3.5). In such cases, the eccentricity vector e precesses
much more rapidly compared to the tidal decay rate. Re-
solving this rapid precession is computationally expensive,
disrupted planets to be misclassified as non-migrating, but the
fraction of HJs is unaffected.
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Figure 10. Examples of possible evolution of the spin-orbit angle, depending on the initial inclination. All examples have Mp = 5MJ ,
a0 = 1.5 AU, ab = 300 AU, P? = 2.3 days, and the feedback torque from the stellar quadrupole has been neglected. The system with
θlb,0 = 87
◦ (left panels) has A0 . 10, sufficiently low to generate large spin-orbit misalignments. The system with θlb,0 = 89◦ (middle
panels) has A0 & 10, sufficiently high to preserve the initially low misalignment, but eventually undergoes adiabatic advection (see text).
The extreme example shown on the right with θlb,0 = 89.99
◦ has A0 & 103, so that θsl is very nearly constant for all time.
but does not influence the final result. Therefore, once the
LK eccentricity oscillations and spin-orbit angle have both
“frozen” we stop following the eccentricity precession (i.e.
by neglecting the SRF and LK terms in the planet’s equa-
tions of motion), and allow the orbit to evolve purely under
tidal dissipation.4
We assume that the initial planet orbital axis Lˆ is
isotropically distributed with respect to Lˆb. In principle, the
initial inclination should be sampled over the entire range
(θlb,0 = [0
◦, 90◦]).5 In practice however, we explore a limited
range of θlb,0 to avoid unnecessary computation for planets
that have no chance of migrating. Note that systems with
inclinations θlb,0 . 40◦ (the critical “Kozai angle”) can be
safely excluded, because they do not undergo large excur-
sions in eccentricity. We find empirically that systems with
4 In practice, we consider the e-oscillations to have frozen when
εGR > 30, and θsl to have settled to its final value when the
adiabaticity parameter satisfies A0 sin 2θlb > 5 (see Sections 3.1
and 3.5). We have tested both conditions extensively and find they
are extremely conservative estimates, so that the LK oscillations
and variation in θsl are always safely quenched at the point when
the SRF and LK terms are neglected in the equations of motion.
5 Since Mp M?,Mb, the triple systems considered here exhibit
symmetry around θlb,0 = 90
◦, so that 90◦ 6 θlb,0 6 180◦ need
not be considered (e.g. Liu et al. 2015).
θlb,0 . 65◦ rarely reach sufficiently high eccentricities to
induce tidal migration. In the rare cases where migration
occurs, the system always results in tidal disruption, rather
than HJ formation. We therefore restrict the inclination to
lie in the range 65◦ 6 θlb,0 6 90◦.
Of primary interest in this paper is the fraction of to-
tal systems that result in the production of an HJ or tidal
disruption, for fixed planet mass and stellar type, and con-
sidering the full possible ranges of (θlb,0, a, ab, eb). For a
given combination of host star properties and planet mass,
we run Nrun trials (typically ∼ 9000) by repeatedly sam-
pling the inclination randomly from the restricted range
(65◦ 6 θlb,0 6 90◦)6. The fractions of HJ formation and tidal
disruption can be obtained from fHJ = cos 65
◦NHJ/Nrun and
fdis = cos 65
◦Ndis/Nrun, where NHJ and Ndis are the num-
ber of systems among Nrun runs that resulted in HJs and
tidal disruptions.
The ultimate goals of this section are to present dis-
tributions of final stellar spin-orbit angles, and obtain the
fractions of total systems that result in HJs and disruptions
for a given planet mass and stellar type, sampling over the
6 The only exception is in Section 5.2, where we explore initial
inclinations in the range 80◦ 6 θlb,0 6 90◦, since the parameters
considered there never produce migrating planets when θlb,0 .
80◦
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Figure 11. Final spin orbit misalignments as a function of the initial inclination, for various combinations of planet mass and (constant)
stellar spin period, as labeled. In this example, we neglect the feedback torque from the stellar quadrupole on the planetary orbit. We
indicate various benchmark values of A0 by the vertical lines. The colored crosses correspond to the time evolution presented in Fig. 10
(upper right panel), and Fig. 12 (lower left panel). Parameters are a0 = 1.5 AU, ab = 300 AU, eb = 0.
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Figure 12. Time evolution for two systems with very similar initial inclinations, illustrating the bimodality in the final misalignment
angle, as depicted in the lower left panel of Figure 11. Parameters are Mp = 1MJ , P? = 5 days, ab = 300 AU, no feedback. Nearly
identical initial inclinations accumulate some phase difference over the course of the evolution, which at the moment of transition to the
adiabatic regime, give rise to different final angles, with θlb,f ≈ 52◦ and 120◦.
entire possible ranges of a, ab, eb. However, we begin by fix-
ing eb = 0, thereby eliminating complications introduced by
octupole terms. Section 5.2 shows results for fixed binary
separation ab and planet semimajor axis a, in order to iso-
late and highlight the effects of changing the planet mass
and stellar mass/spin properties. Next, Section 5.3 presents
results for non-zero binary eccentricity (with fixed ab and
a), thus showing how the octupole term in the disturbing
potential of the binary companion can affect the results. Fi-
nally, in Section 5.4, we randomly sample over a wide range
in (a, ab, eb) parameter space, and present results appropri-
ate for comparison with the observational sample of close-in
giant planets.
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Figure 13. Same as Fig. 11, but including feedback from the stellar quadrupole on the orbit.
5.2 Quadrupole Results
To start, we fix the initial planet semimajor axis a0 = 1.5
AU, binary separation ab = 200 AU, and binary eccentricity
eb = 0 (so that the octupole contributions vanish). We con-
sider planet masses Mp = 0.3, 1.0, 3.0 and 5.0MJ , and run
a fine grid of initial inclinations, selected randomly from an
isotropic distribution (uniform in cos θlb,0). The argument
of pericenter ω and orbital node Ω are randomly sampled
uniformly in [0, 2pi]. The results are shown in Figs. 14 (G
star) and 15 (F star), where we plot the final spin-orbit an-
gle θsl,f and semimajor axis af versus the initial inclination
θlb,0, as well as the distributions of θsl,f for the systems that
resulted in HJs (with final semimajor axis af < 0.1 AU).
5.2.1 G Star
The dynamics considered in this section are considerably
more complicated than the idealized analysis presented in
Section 4, since the effects of stellar spin-down (S? 6= con-
stant) and the backreaction torque from the oblate host star
on the planetary orbit are now included. Nonetheless, many
of the general features remain for the G star (Fig. 14). The
distribution of θsl,f for planets with mass Mp = 1MJ is dis-
tinctly bimodal with peaks at θsl,f ∼ 40◦ and 120◦ (compare
with Figs. 11 and 13 in Section 4). As Mp increases, the sys-
tems with larger initial inclinations (θlb,0) show a preference
for alignment due to their higher adiabaticity parameters,
with A0 ∝ Mp/ cos θlb,0 (see Eq. [11]). The largest mass
planets (Mp = 5MJ) tend to settle into low obliquity states
(θsl,f . 10◦), although high misalignments still remain possi-
ble. Note that the cases with Mp = 5MJ and θlb,0 ∼ 88◦ (in
the top, rightmost plot in Fig. 14) have undergone adiabatic
advection (see Section 4).
For the lowest mass planets (Mp = 0.3MJ), most sys-
tems result either in non-migrating planets or tidal disrup-
tions, with very few “hot Saturns” produced. Tidal dis-
ruptions for low mass planets are more common because
of the larger tidal disruption radius (see Eq. [48]). When
Mp = 0.3MJ , rTide ≈ 4R, whereas when Mp = 5MJ ,
rTide ≈ 1.6R. As a result, with Mp = 0.3MJ and the
fixed values of (a, ab, eb) that we consider in this subsec-
tion, there is only a very narrow range of initial inclinations
that lead to pericenter distances that are small enough to
induce orbital decay, but large enough to prevent tidal dis-
ruption (see Fig. 14, left panels). For a0 = 1.5 AU, ab = 200
AU, and eb = 0, systems with Mp > 1MJ never result in
tidal disruptions, because the condition for disruption to be
possible, derived in Section 3.4 (see Fig. 6 and Eq. [49]) is
never satisfied. However, note that these results depend on
the assumed tidal disruption radius (Eq.48). The exact tidal
radius is somewhat uncertain, and depends on the assumed
planetary mass-radius relation, which can vary for close-in
giant planets.
5.2.2 F Star
The results of identical calculations for the F star are shown
in Fig. 15. The HJ fractions are consistently lower com-
pared to the G star, for all planet masses, but most no-
ticeably for Mp = 0.3MJ , with only a single HJ produced
in ∼ 5000 trials. For planet mass Mp = 1MJ , the distri-
bution of θsl,f remains bimodal, but with larger spread. For
Mp = 5MJ , the distributions of θsl,f are strikingly different
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Figure 14. Final spin-orbit angle θsl,f (top panels) and semi-major axis af (middle panels) as a function of θlb,0, for planet masses
Mp = 0.3, 1, 3 and 5 MJ (from left to right, as labeled). Bottom panels show distributions of the final spin-orbit misalignments for the
systems that circularized (HJs). All systems have M? = 1M, a = 1.5 AU, ab = 200 AU, eb = 0. Black points: non-migrating planets.
Blue points: tidally disrupted planets. Red points: HJs. Note that the values of θsl,f and af for the disrupted planets are simply the
values at the time-step before tidal disruption is achieved, and thus have no particular observational significance. Tidal disruptions only
occur here when Mp = 0.3MJ , because the condition for disruption (Section 3.4, Eq. [49]) is not satisfied for the other planet masses.
See Table 2 for further information on the outcomes of the simulations. The distribution of θsl,f is distinctly bimodal for Mp = 1MJ ,
with a preference for prograde orbits. As the planet mass increases, the adiabaticity parameter A0 increases (see Section 3), and for
Mp = 5MJ , the peak of the distribution occurs at low obliquities θsl,f = 0
◦ − 10◦.
between the F and G stars. The peak of the distribution
occurs at θsl,f ≈ 70◦ − 80◦, i.e. producing many HJs in near
polar orbits with respect to the stellar spin axis. This con-
trasts strongly with results for the G star, where the peak
occurs at θsl,f = 0
◦ − 10◦. These differences between the
G star (Fig. 14) and F star (Fig. 15) arise for two reasons.
First, the larger stellar mass and radius affect the net rate
of pericenter precession from SRFs, ω˙. The contributions to
ω˙ from general relativity and the planetary tidal deforma-
tion are higher for more massive stars, which lead to a lower
maximum achievable eccentricity and tend to reduce HJ pro-
duction fractions (however, note that the contribution to ω˙
from the oblate host star has the opposite sign, and can,
under come circumstances, cancel the increases in ω˙ from
GR and tidal distortion). Second, the larger stellar radius
and spin frequency (compared to the G star) both lead to
a more pronounced torque on the planetary orbit from the
stellar quadrupole, since (dL/dt)SL ∝ R5?Ω2?; see Section 4.3,
Eq. [60]). The increased stellar radius alone leads to an in-
crease in the backreaction torque of the stellar quadrupole
on the orbit by a factor of ∼ 3, with a further increase due
to higher Ω?.
Both the wider spread in the bimodal distributions
(when Mp = 1MJ), and peak near θsl,f ∼ 90◦ (when
Mp = 5MJ) can be understood from the results of Section
4, where we presented final spin-orbit angles for varying ini-
tial inclinations, both with and without feedback included.
Comparing the lower left panels of Figs. 11 and 13 shows
that in some cases, including feedback causes the bimodal-
ity to be partially preserved, but with significant broadening.
Similarly, comparing the upper left panels of Figures 11 and
13 shows that in other cases, including feedback completely
erases the bimodality, causing θsl,f to instead cluster around
∼ 90◦. Thus, we attribute the qualitative differences in θsl,f
between the G and F star to enhanced feedback from the
oblate F star on the orbit.
5.3 Octupole Results: Fixed Binary Eccentricity
and Separation
Having demonstrated results for binary companions with
zero eccentricity, we now consider binaries with non-zero
eccentricity, so that the octupole terms can contribute to the
dynamics. We limit the discussion in this section to the solar-
type (G) star, and present one example of fixed non-zero
binary eccentricity (see Section 5.4 for general combinations
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Figure 15. Same as Fig. 14, except for an F-type host star, with M? = 1.4M, R? = 1.26R and corresponding spin properties (see
text). Note that the histogram for Mp = 0.3MJ has only one data point. When Mp = 1MJ , the distributions of θsl,f are similar to those
for the G star, but are broadened. When Mp = 5MJ , however, the strong peak near low obliquities (θsl,f = 0− 10◦) observed for planets
around G stars has vanished. We attribute these differences to the increased torque from the stellar quadrupole on the planetary orbit,
as well as stronger periastron precession from SRFs.
of ab and eb). For a straightforward comparison with the
results from Section 5.2, and to illustrate the role of the
octupole, we choose the parameters so that the quadrupole
LK timescale tk (Eq. [3]) is unchanged (since tk depends only
on the combination ab,eff = ab
√
1− e2b). We thus specify
the binary eccentricity eb and choose the separation ab such
that the quantity ab,eff = 200 AU. Figure 16 shows results
for eb = 0.8, ab = 333 AU, corresponding to εoct ≈ 0.01.
Additional results with eb = 0.4, ab = 218 AU, so that εoct ≈
0.003 are included in Table 2. Recall that εoct quantifies the
“strength” of the octupole potential; see Eq. (4).
Without the octupole terms, the limiting eccentricity
elim during an LK cycle is achieved at θlb,0 = 90
◦. One effect
of the octupole term is to allow this limiting eccentricity to
be realized at θlb,0 < 90
◦ (Liu et al. 2015), so that migration
becomes possible for a wider range of inclinations, thereby
increasing the production efficiency (Naoz et al. 2012).
Comparing Figs. 14 and 16 allows the role of the oc-
tupole terms to be identified, since they would produce iden-
tical results to quadrupole order. Low mass planets are af-
fected by the octupole potential less than high mass planets,
because the rate of pericenter precession due to tidal distor-
tion of the planet has the dependence ω˙Tide ∝ M−1p (see
Eq. [A11]). This precession can act to suppress the extreme
octupole dynamics, such as increased eccentricities and or-
bit flipping. Thus for the lowest mass planets (0.3MJ) the
results do not differ significantly from the pure quadrupole
case. More massive planets (Mp = 1 − 5MJ) are affected
more strongly, with the production fraction of HJs increas-
ing with the octupole strength εoct (see Section 5.4.1 for
further discussion of HJ and disruption fractions).
In terms of the final obliquity θsl,f , one effect of the oc-
tupole is to increase the number of significantly misaligned
5MJ planets, as demonstrated in Fig. 17. There are two
possible reasons for this. First, the octupole allows close-in
planets to be produced at lower inclinations, with lower adi-
abaticity parameters (A0 ∝ 1/ cos θlb,0). Since the degree of
misalignment depends on A0, systems with low inclinations
have a tendency to settle to larger obliquities, and exhibit
bimodality. Second, the chaos induced in the orbit due to the
octupole terms may act to disrupt the tendency for align-
ment found for the pure quadrupole calculations. Despite
these effects, for 5MJ planets with the octupole included,
the strong peak near zero obliquity observed for the pure
quadrupole results (eb = 0, Fig. 14) is partially preserved.
5.4 General Results for a Range of Binary
Separations, Eccentricities, and Planet
Semi-major Axes
We now survey the parameter space in (a0, ab, eb), sampling
the initial planet semi-major axis a0 uniformly in the range
a0 = 1 − 5 AU, the binary separation ab = 100 − 1000 AU
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Figure 16. Same as Fig. 14, except that eb = 0.8, and ab = 333.33 AU (so that ab,eff = 200, AU, and εoct ≈ 0.01). For Mp = 0.3MJ , the
results are nearly unchanged (compared to Fig. 14), because pericenter precession from SRFs is higher for low-mass planets (see text),
and the effects of the octupole (e.g. extreme high eccentricities) are more easily suppressed. For Mp > 1MJ , the HJ production fraction
is increased. In terms of θsl,f , the main effect of the octupole is to add HJs with a primarily bimodal distribution, thereby increasing the
fraction of significantly misaligned planets.
(uniform in log ab), and the binary eccentricity uniformly in
eb = 0−0.8. This choice of eccentricity distribution is highly
approximate, as the actual eccentricity distribution of wide
binaries is uncertain (Tokovinin & Kiyaeva 2015). Moreover,
planet formation at a few AU may be quenched by the pres-
ence of a highly eccentric binary companion (when ab[1−eb]
is not sufficiently larger than a0). As in previous subsec-
tions, the initial inclination θlb,0 is sampled isotropically in
the range 65◦ − 90◦. We fix the tidal enhancement factor at
χ = 10 in this section; we explore the effects of varying χ in
Section 5.5.
5.4.1 Hot Jupiter and Disruption Fractions
Figure 18 depicts the outcomes of our simulations for plan-
ets around G stars, where we plot the initial semi-major axis
ratio ab/a0 and binary eccentricity eb versus the initial in-
clination θlb,0. The final outcome of each integration is indi-
cated by the color (HJ, disrupted planet, or non-migrating).
Results for planets around F stars are qualitatively simi-
lar, and are omitted. See Table 3 for further information,
including the HJ and disruption fractions.
Figure 18 shows that HJs are produced for a relatively
narrow range of the ratio ab/a0. Planets with ab/a0 . 60
are always either tidally disrupted or non-migrating, while
those with ab/a0 & 300 never undergo migration. This re-
sult places constraints on the requirements for stellar com-
panions to induce migration without destroying the planet
(see also Section 3.4 for a discussion of the conditions that
must be satisfied for migration and tidal disruption). In the
bottom panels of Fig. 18, we plot the values of εoct ver-
sus θlb,0. We find that systems with εoct & 0.03 always
lead to tidal disruptions, and that no HJs are produced
for εoct & 0.01 − 0.02. This finding can be understood by
examining Fig. 19, where we plot the initial conditions in
terms of (ab,eff , a0) for the 1MJ planets that resulted in tidal
disruptions and HJs, along with the criteria for migration
(disruption) to occur, shown as solid red (blue) curves (see
also Fig. 6). We see that the migration/disruption condi-
tions derived in Section 3.4 are in good agreement with our
numerical calculations.
Also plotted in Fig. 19 are curves of constant εoct =
0.015 (dashed black curves, with eb = 0.4, 0.6, 0.8, from bot-
tom to top). The uppermost dashed line, with eb = 0.8,
nearly coincides with the tidal disruption boundary, so that
εoct & 0.015 can only be achieved for combinations of
(ab,eff , a0) that are located in the “disruption zone” i.e. be-
low the solid blue curve, where systems are likely to result in
tidal disruption, rather than HJs. Since we consider a range
of binary eccentricities uniform in eb = [0, 0.8], all of our sys-
tems with εoct & 0.015 reside in the disruption zone, thereby
explaining the lack of circularized planets in our calculations
with εoct & 0.015.
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Figure 17. Distributions of θsl,f for various binary eccentricities, eb = 0, 0.4, 0.8, as labeled, and showing planet masses Mp = 1, 3, 5MJ
(from top to bottom). Binary separations have been chosen such that ab,eff = ab
√
1− e2b = 200 AU. As a result, the quadrupole LK
timescale tk is identical, so that the results depicted in each panel would be identical to quadrupole order. This illustrates the role of the
octupole in generating spin-orbit misalignment.
Planets with mass Mp = 1− 3MJ around G stars have
HJ production fractions fHJ in the range 2.4−3.8%, and fHJ
for planets around F stars is somewhat lower (1.4−3%). For
both stellar types, the fraction of HJs produced increases
with planet mass (see also Table 3, and the discussion in
Section 5.3). This arises from our tidal disruption criterion
(Eq. [48]), with rTide ≈ 4R for the sub-Jupiter mass planet
(Mp = 0.3MJ), and rTide ≈ 1.6R for Mp = 5MJ . Low
mass planets are therefore much more susceptible to tidal
disruption, and are more readily removed from the sam-
ple of surviving planets. We find that the fraction of “hot
Saturns” (Mp = 0.3MJ) produced is especially low, with
fHJ(0.3MJ) ≈ 0.5% and 0.02% for the G and F stars re-
spectively.
Comparing the results of Sections 5.2 and 5.3 (see Ta-
ble 2), and this subsection (Table 3), we see that although
certain combinations of (a0, ab, eb) can lead to HJ fractions
of fHJ ∼ 24% (specifically when the octupole effect is in-
cluded; see also Naoz et al. 2012), when ranges of (a0, ab, eb)
are considered, the overall HJ fraction is always less than a
few percent for planets with mass Mp = 1MJ .
Inspection of Table 3 reveals that the “migration frac-
tion” fmig ≡ fHJ + fdis ≈ 12 − 13% is nearly constant for
all planet masses and stellar types, varying by only ∼ 1%.
Given the complicated interplay between the various ingre-
dients in our system (SRFs, octupole-level dynamics, tidal
dissipation), and the dependence of these physical processes
on planet and stellar mass, this result is not necessarily ex-
pected, but can be qualitatively understood from the discus-
sion in Section 3.4. To achieve planet migration (either HJ
formation or tidal disruption) within the lifetime of the host
star, two conditions must be satisfied: (i) The planet must
attain a sufficiently large eccentricity (∼ elim) so that the
corresponding periastron distance a(1 − elim) is less than
a critical value (' 0.025 AU). This translates into a nec-
essary condition for migration as given by Eq. (47). (ii)
For systems that satisfy this condition, whether or not mi-
gration actually occurs depends on the initial inclination
θlb,0. As discussed in Section 3.4, without the octupole ef-
fect, elim is achieved very close to θlb,0 = 90
◦. With oc-
tupole, elim can be achieved for initial inclinations θlb,0 in
the range θlb,crit 6 θlb,0 6 90◦, where θlb,crit (the minimum
inclination that can lead to emax = elim) is determined by
εoct ' aeb/ab(1− e2b), with no dependence on planet or stel-
lar mass (see Liu et al. 2015). The fact that the “window
of extreme eccentricity” (θlb,crit 6 θlb,0 6 90◦) is indepen-
dent of Mp and M?, combined with the weak dependence of
Eq. (47) on Mp and M? explains the nearly constant migra-
tion fraction observed in our calculations. Note however that
the migration fraction does depend on the assumed distri-
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Table 2. Input parameters and results of the calculations presented in Sections 5.2 and 5.3. Each line is the result of Nrun trials with
initial inclination θlb,0 randomly sampled from an isotropic distribution in the range 65
◦− 90◦ (the only exception are the first eight rows,
with eb = 0, where θlb,0 is sampled in 80
◦ − 90◦). Each set of trials has a fixed ab and eb, as indicated, and a0 = 1.5 AU, and tidal
enhancement factor χ = 10. The initial spin-orbit angle is set to θlb,0 = 0
◦. We display the “migration fraction ” fmig ≡ fHJ + fdis, as well
as the “prograde fraction” fprog i.e. the fraction of HJ systems with final obliquities θsl,f < 90
◦. We also include relevant figure numbers
in the rightmost column. Note that the stellar radius is set to R? = 1 R when M? = 1 M, and R? = 1.26 R when M? = 1.4 M.
M? (M) Mp (MJ ) ab (AU) eb Nrun fHJ (%) fdis (%) fmig (%) fprog % Figure
Section 5.2
1.0 0.3 200.0 0.0 5000 1.6 10.3 12.0 84.3 14, 17
1.0 1.0 200.0 0.0 5000 11.8 0.0 11.8 71.2 14, 17
1.0 3.0 200.0 0.0 5000 10.6 0.0 10.6 72.0 14, 17
1.0 5.0 200.0 0.0 5000 9.8 0.0 9.8 82.6 14
1.4 0.3 200.0 0.0 5000 0.003 7.8 7.8 0.0 15
1.4 1.0 200.0 0.0 5000 7.2 0.9 8.2 54.5 15
1.4 3.0 200.0 0.0 5000 7.5 0.0 7.5 66.8 15
1.4 5.0 200.0 0.0 5000 8.3 0.0 8.3 74.0 15
Section 5.3
1.0 0.3 218.22 0.4 3000 1.3 10.8 12.2 89.5 17
1.0 1.0 218.22 0.4 3000 12.2 0.0 12.2 68.1 17
1.0 3.0 218.22 0.4 3000 12.4 0.0 12.4 73.4 17
1.0 5.0 218.22 0.4 3000 12.9 0.0 12.9 78.6 17
1.0 0.3 333.33 0.8 3000 0.9 11.4 12.3 82.5 16, 17
1.0 1.0 333.33 0.8 3000 17.1 0.0 17.1 70.4 16, 17
1.0 3.0 333.33 0.8 3000 23.8 0.0 23.8 65.7 16, 17
1.0 5.0 333.33 0.8 3000 24.2 0.0 24.2 66.3 16, 17
butions of the planetary and binary orbital properties (a0,
ab, eb, θlb,0), and alternate choices for these distributions
would yield different migration fractions. A semi-analytic
calculation of the migration/distruption fractions, based on
the idea discusssed here, is presented in Mun˜oz et al. (2016,
submitted).
Regardless of the reason, the fact that fmig ≈ con-
stant is a useful finding. Recall that the disruption fractions
quoted herein depend on the disruption condition, which
depends on the planetary mass-radius relation, and is some-
what uncertain. However, noting that fmig ≈ constant al-
lows us to estimate an upper limit on the possible HJ frac-
tion for any giant planet mass, by setting fdis → 0, so that
fmig → fHJ,max ∼ 13%.
5.4.2 Final HJ Orbital Periods and Spin-Orbit
Misalignments
Figures 20 and 21 show the final orbital periods and spin-
orbit misalignments versus the initial inclination θlb,0 for
the HJs produced in our calculations. Note that we have
removed the systems that resulted in tidal disruptions and
non-migrating planets for clarity.
We see that the distribution of the final stellar obliq-
uities are distinctly bimodal for Mp = 1 − 3MJ around
both G and F host stars, with peaks around 30◦ − 40◦, and
120◦ − 130◦. As planet mass increases, greater differences
emerge between the results for G and F stars. For the G-
type host star, massive planets tend to settle to lower obliq-
uities. When Mp = 5MJ , the peak of the histogram occurs
in the first bin (θsl,f = 0
◦ − 10◦), with an underlying bi-
modal distribution of larger misalignments (Fig. 20). Thus,
the tendency for spin-orbit alignment for massive planets
presented in Section 5.3 and in Storch et al. (2014) is par-
tially preserved when sampling over arbitrary binary eccen-
tricities and separations. By contrast, the results for massive
planets (5MJ) around the F-type host star (Fig. 21) show a
greater degree of misalignment, with the peak of the distri-
bution at θsl,f ∼ 45◦. This is in qualitative agreement with
the pure quadrupole calculations in Section 5.2 (see Fig. 15).
We find that all combinations of stellar type and planet
mass lead to a greater fraction of prograde (θsl,f 6 90◦),
rather than retrograde (θsl,f > 90◦) configurations (see Table
3). However, the percentage of prograde planets around F
stars is consistently lower than around G stars. For example,
we find that for Mp = 1MJ , the prograde percentage is
≈ 78% for the G star, and ≈ 65% for the F star.
The bimodal θsl,f distributions for Jupiter-mass plan-
ets around G stars shown in Fig. 20 is quite different from
those obtained by Naoz et al. (2012) and Petrovich (2015b).
These authors find much broader θsl,f distributions, with no
apparent “gap” at θsl,f ∼ 90◦. A key reason for this differ-
ence is that the previous works considered slowly-rotating
host stars (and non-evolving spin rates), which have weak
spin-orbit couplings.
Also depicted in Figs. 20 and 21 are the final orbital
periods Porb,f as a function of initial inclination. After the
LK oscillations are suppressed, the tidal evolution occurs
at nearly constant angular momentum, so that all planets
settle to a final semi-major axis af & 2rTide. Since rTide
depends inversely on planet mass, high mass planets are
able to achieve shorter final orbital periods than low mass
planets. As a result, the lowest mass planets (Mp = 0.3MJ)
reside farthest from their host stars, and exhibit the smallest
spread in Porb,f . All calculations result in extremely close-
in planets, with Porb,f . 3 days. This lack of longer period
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Table 3. Same format as Table 2, but showing results for the full population synthesis calculations in Sections 5.4, 5.5, and 5.6. We vary a0,
ab, and eb uniformly in the ranges a0 = (1−5) AU, ab = (100−1000) AU (note that ab is sampled uniformly in log ab), and eb = (0−0.8).
θlb,0 is sampled isotropically in the range 65
◦ − 90◦. The other parameters and notation are the same as in Table 2.
M? (M) Mp (MJ ) θsl,0 (◦) χ Nrun fHJ (%) fdis (%) fmig (%) fprog % Figure
Section 5.4
1.0 0.3 0.0 10.0 8988 0.5 12.3 12.8 70.4 18,20
1.0 1.0 0.0 10.0 8991 2.4 11.0 13.4 78.3 18,20
1.0 3.0 0.0 10.0 8996 3.8 9.3 13.1 72.0 18,20
1.0 5.0 0.0 10.0 8994 4.7 8.4 13.0 74.1 18,20
1.4 0.3 0.0 10.0 8993 0.0 12.3 12.3 100.0 21
1.4 1.0 0.0 10.0 8994 1.4 10.9 12.3 64.9 21
1.4 3.0 0.0 10.0 8998 3.0 9.8 12.8 67.7 21
1.4 5.0 0.0 10.0 8997 3.6 9.1 12.6 69.4 21
Section 5.5
1.0 0.3 0.0 1.0 8998 0.0 11.8 11.8 0.0 23, 24
1.0 1.0 0.0 1.0 8991 0.7 11.1 11.8 75.6 23, 24
1.0 3.0 0.0 1.0 8997 2.3 9.6 11.9 69.6 23, 24
1.0 5.0 0.0 1.0 8993 3.1 9.5 12.5 70.9 23, 24
1.4 0.3 0.0 1.0 8997 0.0 10.9 10.9 0.0 25
1.4 1.0 0.0 1.0 8995 0.4 10.6 10.9 52.0 25
1.4 3.0 0.0 1.0 8996 1.5 10.4 11.8 58.1 25
1.4 5.0 0.0 1.0 8998 1.9 9.9 11.8 61.9 25
1.0 0.3 0.0 100.0 8995 2.4 11.6 14.0 61.6 23, 24
1.0 1.0 0.0 100.0 8997 4.1 9.7 13.8 68.7 23, 24
1.0 3.0 0.0 100.0 8994 6.4 5.9 12.4 71.8 23, 24
1.0 5.0 0.0 100.0 8994 7.8 4.1 12.0 71.0 23, 24
1.4 0.3 0.0 100.0 8997 1.5 11.7 13.2 65.5 25
1.4 1.0 0.0 100.0 8996 3.3 9.9 13.2 65.0 25
1.4 3.0 0.0 100.0 8994 6.3 6.2 12.5 66.3 25
1.4 5.0 0.0 100.0 8999 7.6 4.1 11.6 66.7 25
Section 5.6
1.0 0.3 30.0 10.0 8995 0.3 12.8 13.1 67.2 26
1.0 1.0 30.0 10.0 8996 2.6 10.6 13.1 62.1 26
1.0 3.0 30.0 10.0 8986 4.0 9.5 13.5 61.1 26
1.0 5.0 30.0 10.0 8995 4.8 8.8 13.6 70.6 26
1.0 0.3 60.0 10.0 8993 0.4 12.8 13.2 52.4 26
1.0 1.0 60.0 10.0 8995 2.6 11.2 13.8 47.5 26
1.0 3.0 60.0 10.0 8993 4.4 10.0 14.5 49.3 26
1.0 5.0 60.0 10.0 8993 4.9 9.4 14.3 54.5 26
HJs produced by the LK mechanism is in agreement with
calculations by Petrovich (2015b).
5.4.3 Migration Time
For the subset of planets that undergo migration (resulting
in either HJ formation or tidal disruption), it is useful to
examine the migration time tmig. For systems that result in
HJs, we define tmig as the moment when the semi-major axis
has decayed to a < 0.1 AU, so that the planet is classified
as an HJ (this is also the time at which we stop our integra-
tions). For disrupted planets, tmig is the point at which the
planet crosses the tidal radius.
Figure 22 shows cumulative distributions of the migra-
tion time tmig for HJs and disrupted planets obtained from
our simulation with G-type host stars (as in Figures 18 and
20). Two trends are apparent: First, most tidal disruptions
occur early, with more than 75% occurring within 0.1 Gyr.
Second, the range of the HJ formation time varies with
planet mass. For 5MJ planets, 2Myr . tmig 6 5Gyr. In
contrast, the HJ formation time for 0.3MJ planets lies in
the much more restricted range 2Gyr . tmig 6 5Gyr. The
minimum migration time for low mass planets thus differs
significantly for low mass planets.
The cause behind the lengthier HJ formation times for
low mass (Mp = 0.3MJ) planets is as follows. Recall that
the orbital decay rate for planets undergoing LK migration
(Eq. [32]) has the dependence∣∣∣∣1a dadt
∣∣∣∣
Tide,LK
∝M−1p a−7F where aF = a(1−e2max), (66)
so that the tidal decay timescale tTide ∝ Mpa7F . Since sys-
tems that produce surviving planets must satisfy aF /2 >
rTide, for each planet mass there is a minimum tidal decay
timescale
tTide,min ∝Mpr7Tide ∝M−4/3p . (67)
The minimum decay time needed to produce a surviving
HJ thus increases for lower mass planets, as we find in our
numerical calculations.
c© 0000 RAS, MNRAS 000, 000–000
Formation and Stellar Spin-Orbit Misalignment of Hot Jupiters 25
102
103
a
b
/
a
0
Mp =0.3MJ
0.0
0.2
0.4
0.6
0.8
e b
65 70 75 80 85 90
θlb,0 (deg)
0.00
0.02
0.04
0.06
0.08
ε o
ct
Mp =1MJ
65 70 75 80 85 90
θlb,0 (deg)
Mp =3MJ
65 70 75 80 85 90
θlb,0 (deg)
Mp =5MJ
65 70 75 80 85 90
θlb,0 (deg)
Figure 18. Parameter space producing HJs (red), tidally disrupted planets (blue), and non-migrating planets (black), around G stars.
Top panels: initial binary separation ratio (ab/a0) versus the initial inclination θlb,0. Middle panels: Binary eccentricity eb . Bottom
panels: “Octupole strength” εoct. Results are separated into columns by planet mass, as labeled. HJs are able to be produced over the
full range of eb = [0, 0.8], but only in a relatively narrow range of ab/a0. As a result, the range of εoct capable of producing HJs is
limited, with εoct . 0.01− 0.02.
Finally, we note that LK migration is often attributed to
need a long time to operate, usually ∼ 0.1−1 Gyr timescales,
in contrast with disk-driven migration, which must occur
before the gas dispersal time of a few Myr. While we confirm
that this is indeed the case for Jupiter and sub-Jupiter mass
planets, we find that massive planets (Mp ∼ 3 − 5MJ) can
migrate more quickly, within tens or occasionally even a few
Myr, much more comparable to the timescale for disk-driven
migration.
5.5 Dependence on Tidal Dissipation Strength
All results presented thus far adopt the tidal dissipation
strength χ = 10, corresponding to tidal lag time ∆tL = 1
second. We now examine the effect of varying dissipation
rate, by considering tidal enhancement factors χ = 1 and
χ = 100, so that ∆tL = 0.1 and 10 seconds respectively.
All simulations presented in Section 5.4 were repeated with
these values of χ; see Table 3.
Figure 23 shows distributions of the HJ final orbital
periods Porb,f around the G star for each tidal dissipation
strength (note that the corresponding results for the F star
are nearly identical, and are not shown). The distributions
for χ = 1 are narrow, and concentrated toward low orbital
periods, with Porb,f . 2 days across all planet masses. As χ
increases, the distributions widen, since the enhanced tidal
dissipation strength allows planets with larger pericenters to
migrate inward within 5 Gyr (see Eq. [32]). However, note
that regardless of the tidal dissipation strength, no HJs with
final orbital periods Porb,f & 4.6 days were produced. This
lack of longer period HJs is consistent with previous calcu-
lations of HJ formation via the LK mechanism (Petrovich
2015b).
Not surprisingly, the HJ fraction fHJ increases as χ in-
creases. However, the migration fraction fmig = fHJ + fdis
remains roughly constant, varying by only a few percent
across all combinations of planet mass, stellar type, and dis-
sipation strength, between ∼ 11 − 14%. This is consistent
with the discussion in Section 5.4.1 (see last two paragraphs
of that subsection). Most of the migrating planets originate
from systems where the octupole effect plays an important
role, and the “window of extreme eccentricity” (needed for
achieving migration) is independent of Mp, M?, and χ. On
the other hand, most HJs originate from systems with low
εoct and high θlb,0 (see Figs. 18 and 19), where the octupole
effect is not essential for migration. For these systems, en-
hanced tidal dissipation allows planets with larger periastron
distances to migrate (see Eq. [32]), leading to a larger fHJ.
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Figure 19. Parameter space producing tidally disrupted planets (blue points) and HJs (red points) for the calculations presented in
Fig. 18 with Mp = 1MJ . The red solid curve shows the maximum value of ab,eff = ab
√
1− e2b for migration to be possible, as a function
of a0 (Eq. [47] with ap,crit = 0.025 AU), and the blue solid curve shows the maximum value of ab,eff for tidal disruption to be possible
(Eq. [49], with f = 1). If a given combination of (a0, ab,eff) is located below the red (blue) curve, migration (disruption) is possible, but
not guaranteed. See also Fig. 6. The dashed lines depict curves of constant εoct = 0.015 in (ab,eff , a0) space, with eb = 0.8, 0.6 and 0.4
(from top to bottom). The region above the top black dashed curve cannot have εoct > 0.015, unless eb > 0.8. Since the location of
this black curve coincides with the tidal disruption limit (blue curve), there is very little parameter space with εoct > 0.015 capable of
inducing planet migration, without tidal disruption.
Figures 24 and 25 compare the effects of varying χ on
the distribution of θsl,f for planets around G and F stars.
Increasing χ generally leads to broader distributions, with
a greater fraction of planets at relatively low obliquities
(θsl,f . 30◦), but has little effect on the overall shape. In
particular, the bimodality observed previously for (1−3)MJ
planets is preserved.
5.6 Primordial Misalignment
Finally, we present HJ stellar obliquity distributions for sys-
tems in which the initial stellar spin-orbit angle is mis-
aligned, i.e. θsl,0 6= 0. Such initially misaligned configura-
tions are relevant because various works (e.g. Bate et al.
2010; Lai et al. 2011; Batygin 2012; Batygin & Adams 2013;
Lai 2014) have suggested the possibility of “primordial mis-
alignments” in which the protoplanetary disk becomes tilted
relative to the stellar spin axis. We limit the discussion to
planets around G stars, and the canonical tidal dissipation
strength χ = 10. We fix θsl,0, and integrate a series of sys-
tems with the initial phase of Sˆ? around Lˆ (i.e. φsl,0, where
φsl,0 is the azimuthal angular coordinate in the frame where
Lˆ is along the z-axis) randomly sampled uniformly in [0, 2pi].
Figure 26 shows results for θsl,0 = 30
◦ and 60◦, along
with the canonical θsl,0 = 0
◦ case shown previously in
Fig. 20. When θsl,0 = 30
◦, the distributions of θsl,f are bi-
modal for all planet masses, including planets with Mp =
5MJ . For θsl,0 = 60
◦, the bimodality has vanished, and
the distributions are roughly symmetric around 90◦. We
conclude that non-zero initial obliquities can affect the fi-
nal spin-orbit misalignment, such that the bimodal peaks
present for θsl,0 = 0
◦ tend to merge as θsl,0 increases.
6 CONCLUSION
6.1 Summary of Results
The main goal of this paper is to conduct a thorough pop-
ulation synthesis of the production of misaligned close-in
giant planets (Hot Jupiters, HJs) in stellar binaries by the
mechanism of Lidov-Kozai (LK) oscillations with tidal dis-
sipation, examining the previously unexplored dependence
on planet mass, and stellar type and spin properties. The
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Figure 20. Final stellar obliquities θsl,f and orbital periods Porb,f for the systems shown in Figure 18 that resulted in HJs. Parameters
are M? = 1.0M (the G-type star), and a0, ab, eb, θlb,0 randomly sampled over wide ranges, as described in the text, and indicated in
Table 3. Top and middle panels depict the final spin-orbit angle θsl,f and orbital period Porb,f versus θlb,0. The dashed lines, included for
reference, indicate the orbital period at the tidal disruption radius, and the dotted lines indicate the minimum achievable orbital period,
defined by af > 2Rtide. Bottom panels show histograms of θsl,f , with a bin width ∆θsl,f = 10◦.
complex evolution of the stellar spin axis in systems with
planets undergoing LK oscillations poses a rich dynamical
problem (see also Storch et al. 2014; Storch & Lai 2015), and
can affect the final distributions of spin-orbit misalignments.
We have calculated the HJ production fractions and planet
tidal disruption fractions for a wide variety of systems, ex-
ploring their dependence on planet mass, stellar properties
and tidal dissipation rate. We have also presented a number
of semi-analytical calculations, which are useful in under-
standing the results of our population synthesis. Our main
results can be summarized as follows.
• Planet mass is important in determining the HJ forma-
tion and tidal disruption fractions (see Table 3). The fraction
of systems resulting in HJs (fHJ) increases with planet mass,
due to fewer tidal disruptions. For Jupiter-mass planets, we
find that fHJ ≈ 0.5%− 4% depending on the assumed tidal
dissipation rate and host star mass. In general fHJ increases
with the tidal dissipation rate and decreases with stellar
mass. For more massive (5MJ) planets, we find a higher
fraction, with fHJ ≈ 3%− 7.5%. The fraction of systems re-
sulting in “hot Saturns” (Mp ∼ 0.3MJ) are low, especially
around massive (M? = 1.4M, spectral type F) stars. As
a result, hot Saturns around massive stars are unlikely to
be produced by LK migration in binaries, unless the tidal
dissipation strength in the planet is high (with χ & 100,
corresponding to ∆tL & 10 sec).
• We find that the “migration fraction,” defined as the
sum of the HJ and disruption fractions, fmig = fHJ+fdis, has
a rather weak dependence on planet mass, stellar type and
tidal dissipation rate, and is always in the range of 11−14%
(see Table 3). This behavior can be qualitatively understood
from analytical migration criteria (see Section 3.4 and Sec-
tion 5.4.1, particularly Eq. (47). Since the tidal disruption
fraction for lower mass planets is higher (due to the increased
tidal radius), a constant migration fraction implies that fHJ
should decrease with planet mass, as described above.
• HJs are produced only in systems when the ratio of the
binary semi-major axis ab and the initial planet semi-major
axis a0 lies in the range 60 . ab/a0 . 300 (see Figs 18-19). In
addition, no HJs are produced for systems with the dimen-
sionless octupole parameter (see Eq. [4]) εoct & 0.01− 0.02,
where the range depends on the planet mass (see Figs. 18-
19). These place constraints on the types of binary prop-
erties and initial planet semi-major axes that are able to
induce migration without causing tidal disruption.
• The distribution of final spin-orbit misalignment angles
depends on planet mass and the spin history of host stars
(see Figs. 24-25). For Mp = (1 − 3)MJ , the distributions
are always bimodal, with peaks near θsl,f ≈ 40◦ and 130◦.
This bimodality is independent of stellar type. For solar-
type stars, higher-mass planets (Mp = 5MJ) exhibit a pref-
erence for low final obliquities, with θsl,f < 10
◦ (see Fig. 20
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Figure 21. Same as Fig. 20, but showing results for planets around F stars.
and Fig. 24), although misalignment still remains possible.
By contrast, for F-stars, the θsl,f distributions for massive
planets are broad, with no clear bimodality (see Fig. 25).
We attribute the higher degree of misalignment around F
stars to the stronger torque from the (more rapidly rotat-
ing) host star acting on the orbit, thereby erasing the ten-
dency towards alignment observed for 5MJ planets around
G stars. In general, the backreaction torques from the stel-
lar quadrupole on the planet’s orbit, as well as the octupole
effect from the binary companion, give rise to a variety of
evolutionary paths toward spin-orbit misalignments during
LK migration (Section 4), and result in a complicated de-
pendence of the θsl,f -distribution on planet mass and stellar
type.
• The final stellar obliquity distribution does not depend
significantly on tidal dissipation rate within the planet, al-
though higher rates of dissipation do tend to broaden the
distributions.
• While most of the calculations in this paper assume
initial alignment between the stellar spin and planet’s or-
bit axis (θsl,0 = 0
◦), we also explore the effect of an initial
(“primordial”) misalignment. We find that the bimodality
present when θsl,0 = 0
◦ begins to merge as θsl,0 increases
(see Fig. 26). For modest initial misalignments (θsl,0 = 30
◦),
the final θsl,f distribution remains bimodal across all planet
masses, with the peaks slightly shifted towards 90◦. For
higher initial misalignment (θsl,0 = 60
◦) the bimodality has
nearly vanished, and the distribution is broadly distributed
and centered near θsl,f ∼ 70◦ − 80◦.
6.2 Discussion
Previous studies of HJ production in stellar binaries that
include the octupole potential (Naoz et al. 2012; Petrovich
2015b) focused on a single planet mass and initial planet
semi-major axis (Mp = 1MJ , a0 = 5 AU), and a single
host star type (M? = 1M, with constant spin rate). This
paper has expanded upon these previous works by explor-
ing a range of giant planet masses and orbital separations
(Mp = 0.3−5MJ , a0 = 1−5 AU) and two host stellar types
(M? = 1, 1.4M), with each stellar type governed by differ-
ing magnetic braking laws. We also consider systems with
“primordial misalignment” where the initial stellar obliquity
θsl,0 6= 0.
In terms of HJ production fractions (fHJ), our results
are in good agreement with Petrovich (2015b). We find
fHJ ∼ a few percent typically, except for sub-Jupiter mass
planets which can have much lower fractions (fHJ . 1%). In
terms of tidal disruptions, Petrovich (2015b) finds a much
higher disruption fraction, with fdis ∼ 25%, in part because
he places all planets initially at a0 = 5 AU from the host
star, whereas we vary the initial semi-major axis uniformly
in the range a0 = 1 − 5 AU. Planets that begin at larger
orbital separations experience stronger forcing from the bi-
nary and less pericenter precession due to SRFs, and thus
can achieve sufficiently high eccentricities such that the peri-
center distance ap = a(1 − emax) is smaller, resulting in
more disruptions (see Fig. 6). Another reason for the higher
disruption fractions quoted in Petrovich (2015b) lies in the
choice of binary eccentricity range (he chooses a maximum
eb = 0.9− 0.95, in contrast with 0.8 assumed in this work).
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Figure 22. Cumulative distributions of migration times tmig, defined as the time at which the planet crosses the tidal radius (for the
disrupted planets), or the time at which the semi-major axis decreases below 0.1 AU (for the HJs). The results shown are the same set
of simulations as depicted in Figs. 18 and 20. Most tidal disruptions occur relatively early, with & 75% occurring within 0.1 Gyr. The
minimum time needed to produce an HJ depends on planet mass, and is ∼ 2 Gyr for 0.3MJ planets, but ∼ 2 Myr for 5MJ planets.
As noted before (see the beginning of Section 5.4), the actual
eccentricity distribution of stellar binaries (especially those
that allow planet formation) is very uncertain. Also, includ-
ing binaries with eb & 0.9 may result in over-populating sys-
tems close to the stability limit (with small ab(1 − eb)/a0).
Our HJ fractions (for Mp = 1MJ around solar-type stars)
are lower than those found in Naoz et al. (2012), who give
fHJ ∼ 15%. One major reason for the difference is that Naoz
et al. (2012) use the tidal radius Eq. (48), but set f ' 0.6,
whereas we use f = 1. Note that since the migration frac-
tion fmig = fHJ + fdis is always in range of 11-14% regard-
less of planet mass and stellar type (see Section 5.4.1 and
Table 3), in the extremely unlikely event that all of our
tidally disrupted planets actually survived as HJs, the max-
imum possible HJ production fraction from our simulations
is fHJ,max = fmig ∼ 13%.
Observations constrain the HJ occurrence rate around
solar-type stars to be ∼ 1% (e.g. Wright et al. 2012). Since
the observed stellar companion fraction in HJ systems is
. 50% (Ngo et al. 2015), our calculations imply that LK
migration from stellar companions can probably explain
around ∼ 15% of observed HJs (using fHJ = 3%, and as-
suming a giant planet occurrence rate of 10%).
The calculations presented in this paper never produce
HJs with final orbital periods Porb,f & 4.5 days, with typical
periods in the range of 1−3 days, depending on planet mass
and tidal dissipation strength (see Fig. 23). More massive
planets tend to have shorter periods (sometimes . 1 day)
because they can survive tidal disruption during the high-
eccentricity periastron passage. Thus, it is clear that LK
migration in stellar binaries cannot explain the observed
population of HJs with periods greater than 4 days (see
also Petrovich 2015b for an in-depth discussion of the ten-
dency for LK migration to produce an excess of “Very Hot
Jupiters” compared to observations.) In addition, for both
types of stars, our calculations yield very few planets in
the process of migration. In particular, very few “warm
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Figure 23. Effects of varying tidal dissipation strength χ on the distribution of final HJ orbital periods Porb,f for planets around G
stars. We show χ = 1 (green, top row), χ = 100 (purple, bottom row), along with our canonical value χ = 10 (red, middle row). The
distributions shown are the result of Nrun ∼ 9000 total trials, out of which a fraction fHJ resulted in HJ formation (see also Table 3).
Each column shows a different planet mass, as labeled. The vertical dashed lines, included for reference, indicate the minimum achievable
orbital period, at af = 2RTide. For Mp = 0.3, 1, 3, 5MJ respectively, the number of data points NHJ in each histogram are as follows:
top row, χ = 1, NHJ = 0, 156, 490, 650; middle row, χ = 10, NHJ = 108, 502, 811, 990; bottom row, χ = 100, NHJ = 513, 875, 1370, 1670.
Note that no close-in planets were produced for the combination Mp = 0.3MJ , χ = 1.
Jupiters” are produced with 0.1 . a . 0.5 AU after evolving
the system for 5 Gyr (see also Petrovich 2015b).
In the absence of primordial misalignment (so that
θsl,0 = 0
◦), our calculations always predict, for planet masses
Mp = 1− 3MJ , a bimodal distribution of final stellar spin-
orbit misalignments, with peaks at θsl,f ≈ 40◦ and 130◦,
and a dearth around 90◦. This result is independent of host
stellar type and tidal dissipation strength (see Figs. 24-25).
Such bimodality results from the stellar spin evolution tran-
sitioning from the non-adiabatic to fully adiabatic regime
(Storch et al. 2016, submitted), and thus may be interpreted
as a clear signature of HJ formation from LK oscillations
with tidal dissipation. However, for Mp = 5MJ planets, the
shape of the distribution of θsl,f differs substantially, and for
planets around F stars, nearly polar orbits (θsl,f ∼ 90◦) are
commonly produced (see Fig. 25, right panels).
On the other hand, when significant primordial mis-
alignments are present, with θsl,0 & 60◦ (see Section 5.6),
the bimodality of the final misalignment distribution dis-
appears, and planets on polar orbits are easily produced
(see Fig. 26, bottom row). Observationally, the distribution
of HJ spin-orbit misalignments does not exhibit a clear bi-
modal structure (e.g. Albrecht et al. 2012a) and a handful of
observed systems have nearly polar orbits, such as WASP-
1b (Simpson et al. 2011), WASP-7b (Albrecht et al. 2012b),
and WASP-79b (Addison et al. 2013) (these systems mostly
have Mp ∼ 1MJ and host star mass M? ≈ 1.2 − 1.5M).
Thus, without substantial primordial misalignments, LK mi-
gration in stellar binaries cannot explain the observed θsl,f
distribution of HJs. This again suggests that the majority
(∼ 85%) of HJs are probably formed by other mechanisms
(e.g., disk-driven migration).
One physical effect not included in this paper is tidal
dissipation in the host stars. This can in principle affect the
semi-major axis of very close-in giant planets, and change
the spin-orbit misalignment angle, as studied in numerous
papers (e.g., Barker & Ogilvie 2009; Jackson et al. 2009;
Winn et al. 2010; Matsumura et al. 2010; Lai 2012; Rogers
& Lin 2013; Xue et al. 2014; Valsecchi et al. 2014). We ne-
glect stellar tidal dissipation on purpose in this paper be-
cause, compared to tidal dissipation in planets, stellar tides
play a negligible role in circularizing high-eccentricity plan-
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Figure 24. Effects of varying tidal dissipation strength χ on the distributions of θsl,f for HJs around G stars (the same sample as in
Fig. 23). We show χ = 1 (green, top row), χ = 100 (purple, bottom row), along with our canonical value χ = 10 shown previously
in Fig. 20 (red, middle row). For Mp = 0.3, 1, 3, 5MJ respectively, the number of data points NHJ in each histogram are as follows:
top row (from left to right), χ = 1, NHJ = 0, 156, 490, 650; middle row, χ = 10, NHJ = 108, 502, 811, 990; bottom row, χ = 100,
NHJ = 513, 875, 1370, 1670. Note that no close-in planets were produced for Mp = 0.3MJ , χ = 1. For most planet masses, increasing χ
broadens the distribution of θsl,f , but the overall shape (usually bimodal) remains unchanged. Increasing χ leads to more planets with
low obliquities (θsl,f . 20◦)
.
ets undergoing LK oscillations. Moreover, the stellar tidal
dissipation rate is highly uncertain, and likely depends on
the stellar type and planet mass (see Ogilvie 2014 for a re-
view); it is also possible that the tidal process and timescale
for spin-orbit alignment are different from those for orbital
decay (Lai 2012). Once an HJ has formed through high-
eccentricity migration, it is straightforward to examine the
effect of stellar tides (using parameterized tidal models) on
the subsequent evolution of the system.
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APPENDIX A: EQUATIONS
In this Appendix we present the secular equations of mo-
tion governing the planetary orbit and stellar spin axis. The
reader is referred to Table 1 for a concise summary of the
notation used in this paper.
A1 Lidov-Kozai Oscillations
The hierarchical triple systems studied in this paper consist
of an inner binary M? (host star) and Mp (planet), with
total mass Mtot = M? + Mp, with an outer stellar mass
binary companion Mb. The planet has semi-major axis a and
eccentricity e, and the binary companion has semi-major
axis ab and eccentricity eb. The inner binary is characterized
by the unit vectors Lˆ and eˆ, where Lˆ is in the direction of the
orbital angular momentum vector L, and eˆ is in the direction
of the eccentricity vector e. Similarly, the outer binary is
characterized by the unit vectors Lˆb and eˆb. Since we are
considering systems in the regime Mp  Mb, the effect of
the planet on the outer binary is negligible, and Lˆb and
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Figure 25. Same as Figure 24, but showing results for planets around F stars. The distributions shown are the result of Nrun ∼ 9000
total trials, out of which a fraction fHJ resulted in HJ formation (see also Table 3). For Mp = 0.3, 1, 3, 5MJ respectively, the number
of data points NHJ in each histogram are as follows: top row, χ = 1, NHJ = 0, 75, 310, 394; middle row, χ = 10, NHJ = 5, 305, 640, 764;
bottom row, χ = 100, NHJ = 330, 711, 1339, 1609.
eˆb are held constant. The inclination of the planetary orbit
relative to the outer binary is specified by cos θlb = Lˆ · Lˆb.
If the outer binary companion has θlb & 40◦, the planet
undergoes periodic variations in its orbital eccentricity and
inclination (Lidov 1962; Kozai 1962), denoted in this paper
as Lidov-Kozai (LK) oscillations. The secular equations of
motion for L and e are, to octupole order in the disturbing
potential of the binary (Liu et al. 2015, see also Petrovich
2015b),
dL
dt
∣∣∣∣
LK
=
dL
dt
∣∣∣∣
LK, quad
+
dL
dt
∣∣∣∣
LK, oct
=
3
4
L
tk(1− e2)1/2
[
(j · Lˆb) j× Lˆb − 5(e · Lˆb) e× Lˆb
]
− 75
64
εoctL
tk(1− e2)1/2
{[
2
[
(e · Lˆb)(j · Lˆb)
+ (e · Lˆb)(j · eˆb)
]
j + 2
[
(j · eˆb)(j · Lˆb)
− 7(e · Lˆb)(e · Lˆb)
]
e
]
× Lˆb
+
[
2(e · Lˆb)(j · Lˆb) j +
[8
5
e2 − 1
5
− 7(e · Lˆb)2 + (j · Lˆb)2
]
e
]
× eˆb
}
,
(A1)
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Figure 26. The effect of primordial misalignment (θsl,0 6= 0) on distributions of θsl,f . We show results for planets around G stars, with
the canonical dissipation strength χ = 10. Top row (red): θsl,0 = 0
◦, as shown previously in Fig. 20. Middle row (blue): θsl,0 = 30◦.
Bottom row (cyan): θsl,0 = 60
◦. For Mp = 0.3, 1, 3, 5MJ respectively, the number of data points NHJ in each histogram are as follows: top
row (from left to right), θsl,0 = 0
◦, NHJ = 108, 502, 811, 990. Middle row, θsl,0 = 30◦, NHJ = 61, 544, 844, 1021. Bottom row, θsl,0 = 60◦,
NHJ = 82, 556, 943, 1037. See Table 3 for further information.
and
de
dt
∣∣∣∣
LK
=
de
dt
∣∣∣∣
LK, quad
+
de
dt
∣∣∣∣
LK, oct
=
3
4 tk
[
(j · Lˆb) e× Lˆb + 2 j× e− 5(e · Lˆb)j× Lˆb
]
− 75εoct
64 tk
{[
2(e · Lˆb)(j · Lˆb) e
+
[8
5
e2 − 1
5
− 7(e · Lˆb)2 + (j · Lˆb)2
]
j
]
× eˆb
+
[
2
[
(e · eˆb)(j · Lˆb) + (e · Lˆb)(j · eˆb)
]
e
+ 2
[
(j · Lˆb)(j · eˆb)− 7(e · Lˆb)(e · eˆb)
]
j
]
× Lˆb
+
16
5
(e · eˆb) j× e
}
,
(A2)
where we have defined j =
√
1− e2Lˆ. The terms in braces
describe the octupole-level perturbation of the binary com-
panion, where the relative “strength” of the octupole term
is quantified through the parameter εoct, defined by Eq. (4).
Note that in Eqs. (A1) and (A2) we have introduced a
characteristic (quadrupole) timescale for LK oscillations tk,
given by Eq. (3). Focusing only on the quadrupole terms,
we note that the binary companion induces simultaneous
precession and nutation of the orbital axis Lˆ at a rate
ΩL ≡ |dLˆ/dtquad| = [(Ωpl sin θlb)2 + θ˙2lb]1/2, see Eq. (5).
From the standard equations for LK oscillations (in terms
of orbital elements) to quadrupole order (e.g. Innanen et al.
1997),
Ωpl sin θlb =
3
8tk
sin 2θlb
(5e2 cos2 ω − 4e2 − 1)√
1− e2
θ˙lb = − 15
16tk
e2
sin 2θlb sin 2ω√
1− e2 . (A3)
The value of ΩL therefore depends on the argument of peri-
center ω. A good approximation to ΩL is
ΩL ' 3(1 + 4e
2)
8tk
√
1− e2 | sin 2θlb|. (A4)
This expression is exact at both e = 0 and e = emax (when
ω = pi/2).
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A2 Spin Evolution Due to the Stellar Quadrupole
We denote the spin angular momentum of the host star as
S? = I?Ω?Sˆ?, where I? = k?M?R
2
? is the moment of inertia,
Ω? is the spin frequency, and Sˆ? is a unit vector along the
spin axis. Note that we have introduced a coefficient k?,
describing the interior mass distribution, where k? = 0.1 is
used throughout this paper.
Due to the rotational distortion of the star, the stellar
spin axis S? precesses around the orbital axis Lˆ according
to
dS?
dt
∣∣∣∣
SL
= ΩpsLˆ× S?, (A5)
with the spin precession frequency Ωps (see Section 2.1)
given by Eq. (9).
The effects on the planetary orbit due to the stellar
quadrupole are
dL
dt
∣∣∣∣
SL
= − dS?
dt
∣∣∣∣
SL
= ΩpsS? × Lˆ, (A6)
and
de
dt
∣∣∣∣
SL
= −ω˙?
[
cos θslSˆ? × e + 1
2
(1− 5 cos2 θsl)Lˆ× e
]
,
(A7)
where ω˙? quantifies the rate of apsidal precession due to the
oblate star, and is given by
ω˙? = −S?
L
Ωps
cos θsl
=
3
2
kq?
(
R?
a
)2
Ωˆ2?
(1− e2)2 n. (A8)
A3 Pericenter Precession Due to Short Range
Forces
Besides the pericenter precession induced by the oblate host
star, given in Eq. (A7), additional short range forces (SRFs),
due to general relativistic corrections, the (static) tidal bulge
in the planet, and rotational distortion of the planet, induce
precession of the eccentricity vector, given by (e.g. Correia
et al. 2011; Liu et al. 2015)
de
dt
∣∣∣∣
SRF
=
de
dt
∣∣∣∣
GR
+
de
dt
∣∣∣∣
Tide
+
de
dt
∣∣∣∣
rot
= (ω˙GR + ω˙Tide + ω˙rot)Lˆ× e,
(A9)
where the precession frequencies take the form
ω˙GR =
3GMtot
c2a(1− e2)n, (A10)
ω˙Tide =
15
2
k2p
M?
Mp
(
Rp
a
)5
f4(e)
j10
n, (A11)
and
ω˙rot =
3
2
kqp
(
Rp
a
)2 Ωˆ2p
(1− e2)2 n, (A12)
where f4(e) in Eq. (A11) is a dimensionless function of ec-
centricity, given in Eq. (A21), and in Eq. (A12) we have
introduced a “planetary rotational distortion coefficient”
kqp = 0.17, analogous to the stellar rotational distortion
coefficient.
A4 Dissipative Tides in the Planet
The planet has spin angular momentum Sp = IpΩpSˆp, where
Ip = kpMpR
2
p is the moment of inertia, Ωp is the rotation
rate, and where kp = 0.25 throughout this paper. Averaged
over an eccentricity precession timescale, the change in the
planet spin due to tidal dissipation is (Correia et al. 2011)
1
Sp
dSp
dt
= − 1
2taj13
L
Sp
[
j3f5(e)(Sˆp + cos θpLˆ)
Ωp
2n
− f2(e)Lˆ
]
,
(A13)
where cos θp = Sˆp · Lˆ, and f2(e) and f5(e) are given in
Eqs. (A19) and (A22). The timescale ta is
1
ta
= 6k2p∆tL
M∗
Mp
(
Rp
a
)5
n2
≈ 7.3× 10
−21
yr
χk¯2p
M¯?M¯tot
M¯p
R¯5p
a¯8
, (A14)
where ∆tL is the lag time, k2p is the tidal Love number,
and where we have introduced a tidal enhancement factor χ
(relative to Jupiter), defined such that ∆tL = 0.1χ sec. In
this paper we assume Sp = SpLˆ (see Section 3.3 for a justi-
fication of this approximation), so that Eq. (A13) becomes
1
Sp
dSp
dt
= − 1
2taj13
L
Sp
[
j3f5(e)
Ωp
n
− f2(e)
]
. (A15)
The effect of tidal dissipation on the orbit is
dL
dt
∣∣∣∣
Tide
= −dSp
dt
= −S˙pLˆ, (A16)
The change in the eccentricity vector due to tidal dissipation
takes the form
de
dt
∣∣∣∣
Tide
=− 1
2taj13
[
j3f4(e)
Ωp
2n
(e · Sˆp)Lˆ
−
(
11
2
j3f4(e)
Ωp
n
− 9f3(e)
)
e
]
,
(A17)
where the first term inside the brackets vanishes if Sˆp = Lˆ.
The dimensionless functions of eccentricity used to describe
the tidal evolution take the form
f1(e) = 1 +
31e2
2
+
255e4
8
+
185e6
16
+
25e8
64
(A18)
f2(e) = 1 +
15e2
2
+
45e4
8
+
5e6
16
(A19)
f3(e) = 1 +
15e2
4
+
15e4
8
+
5e6
64
(A20)
f4(e) = 1 +
3e2
2
+
e4
8
(A21)
f5(e) = 1 + 3e
2 +
3e4
8
. (A22)
A5 Stellar Spin-down due to Magnetic Braking
We use the Skumanich law (Skumanich 1972), given by
dΩ?
dt
= −αMB Ω2?Ω?, (A23)
where we set αMB = 1.5 × 10−14 yr to model G-type stars,
and αMB = 1.5 × 10−15 yr to model F-type stars (from
Barker & Ogilvie 2009). See also Section 2.1.
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